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PREFACE. 



This small volame coDStitntes the second part of an ele- 
mentary text-book on the Differential and Integral Oalcalas. 
The first part was printed by John Wiley & Son, New York, 
1874. 

The third part will contain chapters on the Evaluation of 
Indeterminate Forms; on Functions of two or more Inde- 
pendent Variables; and on the Application of the Differen- 
tial Calculus to the Theory of Curves. • 

After the completion of the third . part, it is our intention 
to incorporate the three parts in a single volume on the Dif- 
ferential Calculus; this will be published, and also a volume 
on the Integral Calculus, as soon as practicable. 

J. M. B. 

W. W. J. 

U. S. Naval Academy, October, 1875. 



CHAPTER IV. 

SUCCESSIVE DIPPERENTIALS AND DERIVATIVES. 

XII. 

THE DIFFERBXTIATION OF FUNCTIONS OF THE TIME, 

65. When a variable qaantity is expressed as a fanction of 
t (the time elapsed from a given instant or origin of time), its 
rate has a definite value for each instant (Art. 11), and is 
simply a function of the time. The processes already estab- 
lished for the differentiation of functions of x apply likewise 

to those of t; thus, — 

adx 



\x / a^ 



so likewise 



G = - 



This expression for the rate is a function of no variable 
except t; because, when t denotes the elapsing time, dt is not 
arbitrary like dx (to which any value may be assigned), but 
is obviously constant. In computing the numerical value of 
a rate, dt is taken as nnlty; for the date of elapsing time 
increases at the rate of one second per second: it is, never- 
theless, necessary to retain the symbol dt in Algebraic ex- 
pressions to characterize them as differential expressions 
derived from functions of t This necessity will be more 
apparent as we proceed. 

SPACE DESCRIBED AND VELOCITY. 

66. The application of the principles of the Calculus to 

functions of the time is of frequent occurrence in Mechanics. 

Thus, if 8 denote the space described in the time ^ by a 

moving body under the influence of known forces, s will be a 

ds 
function of t. and its derivative -r: will also be a function of 

dt , 

t. Since (ff = 1, this derivative will be equal to the rate of 
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tbe variable «, and hence to the velocity of the moving body 
(Art 2). Denoting the velocity by r, we have, therefore, 

67. To illustrate, let us take the well-known formula for a 
freely falling body, 

in which g denotes a constant whose value is determined by 
experiment, and t the time of falling. Taking the derivative, 
we obtain 

ds ^ 

v = j, = gu 

the formula for the velocity of a freely falling body. 

SECOND DIFFEBENTIAI^S. 

68. When the differential of a variable is not constant, it 
has its own rate of change or differential. This differential of 
the differential is called the second differential of the original 
variable. In other words, x denoting the variable, if dx is 
not constant, d{dx) will have a value. The symbol d^x (which 
may be read d-second x) is used as an abbreviation for d{dx). 

69. Thus, resuming the functions of t discussed in Art. 9 
and Art. 10, if 

x = i\ 

it was remarked that dx must be an increasing quantity, 
hence dJ^x should be positive; accordingly, we find 

dx = 2t dtj and therefore d^x = 2(dt)\ 
Again, if 

x = -, 

it was remarked that dx should be negative and numerically 
decreasing; accordingly, we have 

a^dt 
dx= ^. 

Since dx is negative and decreasing numerically, its rate must 



VELOCITY AND ACCELERATION. 5 

be regarded as one of increase, and consequently we sboald 
expect <pj? to be positive; in fact, we find 

arx ss. — Y~^y ^ positive quantit3\ 

In eacb of the above second differentials, tbe factor (dty 
presents itself, as dt presented itself in tbe first differentials, 
and is retained for a similar reason, altbongb its numerical 
value is unity. 

VELOCITY AND ACCELERATION. 

70. The increase per unit of time in tbe velocity of a mov- 
ing body is called in Mechanics the acceleration of tbe motion, 
and the decrease per unit of time in the velocity is called tbe 
retardation of tbe motion. The term acceleration is, however, 
in general so used as to include retardation whenever tbe 
formulas for determining it give negative values. 

It is evident therefore that acceleration corresponds to a 
positive value of the second differential (see Art. 68) of tbe 
space described, and retardation to a negative value. 

71. The velocity t? of a moving body being a function of f , 

dv 

— is also a function of t; and, since dt is unity, this derivative 

az 

will be tbe measure of the rate of v, or of tbe acceleration of 

tbe motion. Denoting acceleration by a, we have, since 

^ds d^s 
dt dt ' 
dv d^8 



a 



dt df ' 



(dtf is usually written df^ when it appears in the denouiiuator 
of a derivative. 

Resuming the illustration of Art. 67, we have, when 

ds d^8 

s^igP, v = j^=gt, ,.a = -=g. 

This expression for a indicates that, in the case of a freely 
falling body, tbe acceleration or increase of velocity per sec- 
ond is constant, and equal to the velocity acquired at the end 
of the first second, or when / = 1, 



6 SUCCESSIVE DIFF£RE!mATIOX. 

C03CPOXE3rr telocities. 

72L Wben the motion of a point in a plane is referred to 
co-ordinate axes, the abscissa and ordinate are regarded as 



functions of f, and the derivatives — and — ^. which (Art 66) 

denote the rates of these variables^ are called the component 
or resolved velocities along, or in the direction ot, the axes. 
Denoting these component velocities by r, and r,, we have 

dx ^ dw 

r, = - and r,=-. 

Again, denoting by s the actual space described as measured 
from some fixed point of the path, s will likewise be a func- 

tion of t. and the derivative -j- will denote the actual velocity 

at 

of the point. Now, if (the axes being rectangular) e repre- 
sents the angle between the positive direction on the axis of 
ar, and the direction of the motion when s is increasing^ we 
have (compare Equations 4, ArL 53) 



Hence, 



dx = dg cos c and dy==ds sin c. 



dx ds ^ dy dg . 

_^==__eos^ and 5^ = -^sin^. 



or, 



r, = 1? cos ^ and r, = r sin ^. 
Squaring and adding, 

The last equation enables us to determine the actual velocity 
in the curve from the component velocities. 

73. If we represent the accelerations of the resolved mo- 
tions along the axes by a, and a^, we shall have, by Art. 71, 

dJ^x , d^y 

a,= - and «,=--. 

a^ and fly will be positive when the resolved motions are ac- 
celerated in the positive directions of the corresponding axes^ 
that is, when they increase a positive resolved velocity, or 
numerically decrease a negative resolved velocity. 



velocity and acceleration. 7 

Examples xii. 

1. The space in feet described in the time < by a point 
moving in a straight line is expressed by the formula 

find the acceleration and the velocity at the end of oj sec- 
onds; also the initial velocity. 

2. If the space described in t seconds be expressed by the 
formula 

, = 10 log J-*-; 

find the velocity at the end of one second; at the end of six 
seconds; and at the end of sixteen seconds. 

3. Show that, in the case of a point moving as in Example 
2, the acceleration is proportional to the square of the ve- 
locity. 

4. If a point move in a fixed path so that 

8 = V7, 

show that the acceleration is negative and proportional to 
the cube of the velocity. Find the value of the acceleration 
at the end of one second; at the end of nine seconds. 

5. If a point move in a straight line so that its distance 
from a fixed point of the line is a cos itit^ express its velocity 
at any time. When will the velocity be zero? 

6. If 8 = ae^ + be- ', show that the acceleration at any point 
is equal to the space described. 

7. Prove that, if the square of the space described is pro- 
portional to the time, the product of the space described and 
the velocity at any instant is constant. 

8. If a point referred to rectangular co-ordinate axes move 

so that 

X = a cos t + b and y = a sin t + Cj 

show that its velocity will be uniform. Find also the equa- 
tion of the path described. (Eliminate t from the given 
equations.) 

9. If a point move in the parabola ay ^oc^ so that x=zctj 
find expressions for v^ and Vy^ and for the actual velocity v. 
What can be inferred from the value of Vy when t is negative? 
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10. Find the expressions for a. and a, in Example 9. 

11. The velocity of a point is inversely proportional to the 
square of its distance from a fixed point of the straight line 
in which it moves, the velocity being 2 feet per second when 
the distance is 6 inches; determine the acceleration at a 

given distance s from the fixed point. Ans. — ^ feet. 

12. The velocity of a point moving in a straight line is m 
times its distance from a fixed point at the peri>endicnlar dis- 
tance a from the straight line; show that the acceleration at 
the distance x from the foot of the perpendicular is expressed 
by rn^x. 



EQUICRESCENT VARIABLES. 



XIII. 

SUCCESSIVE DIFFERENTIALS. 

74. The differential of a fanction of an independent varia- 
ble X contains dx as a factor; and, unless dx is a constant, — 
in other words, if x is not a uniformly varying quantity, — the 
expression for the second differential is more complex than in 
the cases of the functions of t discussed in XII, where dt is 
a constant factor. 

Thus, given 

then 

dy = 3x^ dx^ (2) 

flPy =r 6j? (ef-tf + 3x-2 (?«x. . . / (3) 

Since the differential dy in Equation (2) is the i)roduct of the 
variable factors Sx^ and dx, its differential is obtained by the 
formula for the product; the differential of dx being written 
d^x. 

The differential of the second differential is called the third 
differential o^the given function, and is denoted by dJ^y. Dif- 
ferentiating Equation (3), we obtain, on reducing, 

d^y = 6 (dxy + 18j? dx d^x + 3r^ d^x. . . (4) 

EQUICRESCENT VARIABLES. 

76. In many applications of the Calculus, the value of the 
differential of the independent variable is arbitrary. In such 
cases, the results of successive differentiation are simplified 
by making dx a constant quantity, which is equivalent to 
making x vary at a uniform rate. When this assumption is 
made, the independent variable is said to be equicresceht. 

Thus, X being equicrescent, if 

y = ^'j 
dy = 3x^ dx, 
d^y = 6x {dx)\ 
d^y = (}(dxy, 
d^y = 0. 

The differentials succeeding the fourth will in this case 
likewise vanish. If, in the more general form of these differ- 
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entials, given iu Eqaations (3) and (4) of the preceding Arti- 
cle, we make cPo? = 0, d^x = 0, &c., we obtain the simpler 
forms given above. 
Again, if we have {x being equicrescent) 



we find 



dy = log a.a'.dxj 

dJ^y =z (log a)Ka' {dx)\ 
d^y — (log a)^.a'(dxyy 

and, in general, 

d'^y = (log a)".a'(dr)\ 

The last expression is the nth differential of a', obtained, it 
mast be remembered, on the assumption that dx is constant. 
The assumption in this case simplifies the results, but do^ 
not cause any of the differentials to vanish. 

Examples xiii. 

1. Find the general value of d^(a'). 

2. Find the second differential of sin 0, and reduce it to the 
simpler form by assuming equicrescent. 

3. Assuming x equicrescent, find the successive differen- 
tials of Aa^ + Bx^+Gx^ + Dx + K 

4. Making the same assumption, find several successiv^e 
differentials of Vx and of . 

X 

5. Under what conditions will the series of differentials of 
an algebraic function of x all vanish after the mtli? 

6. Find the series of successive differentials of logo?, a? 
being equicrescent. 

7. Find the successive differentials of sin x and of cos x. 

8. Find three successive differentials of tan 0. 
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XIV. 

SUCCESSIVB DERIVATIVES. 

dy 
76. Since ^ ^^ ^^^^ ^^ denote tbe derivative of 3/ as a 

function of a?, - - may be prefixed to any function of x to de- 

note the operation of taking the derivative. 

The derivative being in general a function of the independ- 
ent variable x, the derivative of a derivative may be taken. 
The resalt thus obtained is called the second derivative of the 
original function. The symbol for the second derivative of 
y{x) is formed by affixing a second accent to that of the first 
derivative; thus,/"(a?). The second derivative of y is writ- 
ten, in accordance with the notation introduced above, thus, 



(ty 



dx 



77. Since the value of ^- is independent of the absolute 

value ofdx^ we may make the assumption of Art. 75 without 
affecting the value of £he second derivative, which, indeed, is 
a function of no variable except x. 
Assuming x to be equicrescent, we have, therefore, 

d /dy\ _ ^y_ _ ^ 
dx\dxj''(dxf^dx^ 

The last is the symbol generally used; dJ^y here denoting the 
simplified value of the second differential taken with the 
above assumption, and this assumption is implied whenever 

dJ^u 
the notation ^ js used.* It is customary to omit the paren- 
thesis in the denominator of a derivative; thus, {dxy is writ- 
ten dx^. 

* Were dx not assumed constant, the expression for the second deriva- 
tive of y would be 

d /dy\ _ dxd^ff — dffd^x 

dx\dx) dx^ 

d^u 
When (Pjc is assumed to be zero, this expression redaces to -, 

Q>X 
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SECOND DERIVATIVES ILLUSTRATED BY CURVES. 

78. If the curve whose equation is 

y =/(^) 
be coDStructed, we have seen (Art. 26) that 



dx 



=f(x) = tan ^, 




^ being the inclination of the curve to the axis of a?; tan ^ 
affords therefore a geometrical illustration of the varying 
value of the first derivative. 

The curvature may be regarded as due to the variable 
character of tan ^ : when tan ^ increases as x increases, and 
decreases as x decreases, the curve will be 
concave as viewed from above; thus, in the 
diagram, as we proceed toward the rights 
tan ^ (at first negative) increases numeri- 
cally throughout; accordinglj'^, the curve 
is concave. On the other hand, if tan ^ 
decreases as x increases, — that is, if it is a 
decreasing function of a?, — the curve will 
be convex as viewed from above. [See di- 
agram.] 

Therefore, when — tan ^ or ^^ is posi- ^ 
tire between any two points of the curve, the portion included 
is concave as viewed from above ; and if -^ is negative be- 
tween two points, the included portion of the curve is convex. 

79. The curvature does not enable us to determine the 

value of -T^, but only its algebraic sign. If ^ becomes zero, 

and changes sign, at any point of the 
curve, that point separates a concave 
from a convex portion of the curve, and 
is called a point of contrary flexure, or a 
foint of inflexion. [See diagram.] 



THIRD AND HIGHER DERIVATIVES. 

80. The derivative of the second derivative is called the 
third derivative of the original function, and is denoted by 



EXAMPLES OP DERIVATIVES. 13 

f''(x\ or by ^ ; the third derivative is likewise the second 

derivative of the first derivative. Thus we have the series 
of functions 

each of which is the derivative of the preceding function ; 
the general term of this series is read ^^function nth of a?". 
If we have y =f{x)y we may therefore write 

Examples xrv. 

1. Find the second derivative of sin x, and determine the 
position of the concave and of the convex portions of the 
curve y = sin x. 

2. Show that the curve y = log x is every where convex. 

3. Find the point of inflexion of the curve 

y = 2a^ — 3r^ — 12a? + 6. 

4. Distinguish the concave from the convex portions of the 
curve y = sec x. 

5. Show that, if dx is constant, a concave portion of the 
curve corresponds to an acceleration of the upward motion of 
the gener.ating point, and the reverse. 

cPy 

6. If -r-^ = 0, prove that y is a linear function of x. 

7. Given the parabola ay = ar^, prove that -^ is constant. 

8. Find the nth derivative of log x» 

A , ^ V 1 1*2 . . . . (n — 1) 

^ ' X'' 

9. Find the nth derivative of sin x. 

An%. sin (x-\-\ mz), 

10. Show that, if one of the series of derivatives of a func- 
tion takes the infinite form for a particular value of a?, all suc- 
ceeding derivatives likewise become infinite. [If u and t 
are functions of a?, and v = for the particular value of a?, 

- may be taken as the form specified.] 
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11. Find the successive derivatives of the function 

ii^ + e-'). 

12. If /(x) = J^^;, &Qdf{x) md/"(x). 

d €p cP 

13. Find^ P^g («'^ + ^~')]; also ^and T-5 of the same 

function. (See Ex. 12.) 

14. Find the nth derivative of xe^. Am. n^ + J?e*. 

15. Find the nth derivative of j? e^. 

Ans. [n (n — 1) + 2nx + x^] e^. 

16. Find the nth derivative of a? 6^^. 

Arts. [n2'»-' + 2«irJe2^ 
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XV. 

THE DERIVATIVES OF IMPLICIT FUNCTIONS. 

81. When x and y are connected by an equation, either 

may be regarded as the independent variable of which the 

other is a function (Art. 14). When it is possible to put the 

function in the explicit form, its derivatives are found by the 

processes of Chapters II and III as explicit functions of the 

same independent variable. Thus, f{x)y f'(x), &c., can be 

found if the equation can be put in the form y =f(x). But, 

if the equation cannot be solved for yyf{x) denotes a function 

whose form is unknown; it is likewise impossible, in general, 

to determine the form off(x),f\x)j &c. The values of these 

derivatives may, however, be determined, but only in terms of 

X and y. Thus, suppose the relation between x and y to be 

expressed by 

xf + yx^--2=.0,, . . . (1) 

we obtain, by differentiating, 

y^dx + 2xydy + 2xydx + x^ dy = Qi) 
whence 

dy _ y^ + 2xy 

~dx~''2xy + x'' ' • • ^"^ 

82. In this case, by solving Equation (1) for y, it is possible 
to put it in the form y =sf{x); thus. 






dy 
The value of -^, ovf(x)^ might therefore have been obtained 

uX 

directly in terms of x by the differentiation of (3). 

Since there are two values of /(a?) in (3), there will in this 
case be two values of f{x). Equation (2) gives but one ex- 
pression for f{x)] but if the two values of y in Equation (3) 
were separately substituted in (2), we should obtain two 

values off{x). There is, however, but a single value of -p for 

a given one of the sets of values of x and y which satisfy 

Equation (1); thus, x = l and y = 1 being values which sat- 

dy 
isfy Equation (1), the corresponding value of ^ is — 1. 
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83. To find the second derivative, we diflferentiate the ex- 
pression obtained for the first derivative, and divide by dx) 
we shall thus obtain an expression involving not only x and 

y but -^ also 5 substituting the value of the latter, we deduce 

cPu 
an expression for ^ involving only x and y. Thus, given 

the equation 

log (0? + y) = a; - y, 

we obtain, by differentiating and reducing, 

(x + y+l)dy+(l'-'X'-'y)dx=:0. 
Whence 

dy __ x + y — l ^ 
dx x + y + 1^ 

differentiating and dividing by dx, 

^, (^ + y + i)(i + g)-(^ + .-i)(i+,g) 

dj(^ (a? + y + 1)» * 

dv 
substituting the value of -f-, we obtain 

(IX 

d^y 4:(x + y) 



dj,^ [x + y + lf 
In like manner, the third derivative may be found. 

DIFFERENTIAL EQUATIONS. 

84. The equation obtained by difierentiating a given equa- 
tion between x and y is called the first differential equation. 
Thus, the first differential equation derived from 

iog(x + 2/) = ^ — y . . • (^) • 

is 

(x + y+l)dy + {l^X'^y)dx = 0. . (2) 

The former is called the^ primitive of the latter equation. 

The first differential equation is, therefore, a relation be- 
tween x^ y, dr, and dy] or, since the ratio of the differential^ 
can be expressed in terms of x and y, it may be regarded as 
a relation between a?, y, and the derivative of y as a function 
of 0?, (or of 07 as a function of y.) 
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85. The second differential eqiiati'On from a given primitive 
is derived by diSerentiating tbe first difterential eqaation ; 
thas, tbe second diflferential eqaation from 

log (X + y) = ^ - y 

is 

(l + x + y)d^y+{l^X'^y)d^x^{dyy^{dx)'=zO. (3) 

It is obvious that each term of sacb an eqaation mast neces- 
sarily contain eitber a second differential, or tbe product of 
two first differentials. A second differential eqaation ex- 
presses a relation between x, y^ dx, dy, d'Xy and d^y. 

86. Tbe value of tbe second derivative may readily be de- 
duced from the second differential eqaation whenever (as is 
generally the case) the independent variable can be made 
eqaicresceut. Thus, dx being constant, Eqaation (3) be- 
comes 

(l + x + y)d*y-^ (dyy - {dxy = 0, 

dividing by {dxY^ we obtain 

Eliminating ^- by means of Equation (2), and reducing, we 

derive 

d'y _ 4 {X -4- y) , 

"^ {x + y+iy' 
which is identical with tbe result obtained in Art. 83. 

87. In a similar manner, differential equations of the third 
and higher orders may be formed; the order of a differential 
equation being that of the highest differential contained in it. 

The remark (Art. 85) with reference to second differential 
equations may be generalized thus: If we replace tJie indices 
of the differentials by exponents^ the result will he homogeneous 
with respect to differential factors. A differential equation not 
having this property would be without meaning. 

DERIVATIVES OF II^VERSE FUNCTIONS. 

88. The relation implied by an equation involving x and y 
may be expressed in either of the two forms 

y^f{x\ or a? = ^(y). 

Even when the form of one or both of these functions is uu- 
. 2 



18 SUCCESSIVE DIFFEKENTIATION. 

knowD, or cannot be expressed by a combination of known 
symbols, each is called the inverse of the other, as in Art. 57, 
where the relation between the first derivatives was found. 

The successive derivatives of tp may be expressed in terms 
of those of /as follows: 

Taking successive differentials of the equation 

X not being equicrescent, we derive 

dy:=zf{x)da!, (I) 

d^y^f'{x){dxf + r{x)<Px, .... (2) 
d^y =f"{x) {dxf + df\x) dx d^x +f(x) d^x . (3) 

Now, making y equicrescent, the derivatives of ^ will be 

dx d^x d^x 



dy' dy^' dy^' 
Hence, we deduce from (1) 



&c. 



^'<^)=S=/^' • • • w 



and from (2), making d^y ■= 0, 






dx 

or, substituting the value of ^-, 

dy 

We derive from (3), by making <Py = 0, 

*^ ^^' ~ df }' {X) \dyj ^ f(x) dy df ' 

dx dH^x 
or, substituting the values of ..- and ^ from (4) and (5), 

In a similar manner, formulas for the higher derivatives 

might be deduced. Formulas for the derivatives of/ in terms 

of ^ would be, of course, identical in form with those given 

above. 

Examples xv. 

1. Given ay + i^a^ = a»6^, find -^ from the first differen- 

tial equation, and show that the result is identical with the 
value found from the exi)licit form. 
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2. Given a^(y.— 1) + y* (a? + 1) = 1 , to find a general expres- 
sion for ^, and also its namerical values when y =c 2. [De- 
duce the corresponding values of x from the original equa- 
tion.] 

3. Given a?*' = y, find a general expression for ^-, and sim- 

uX 

plifj the result by means of the given equation. Show that, 
if X and y are equal, but not equal to e, ^ =1. 

4. Given 6* = y^ — o^y, to express ^ and -jf^ by means of 
algebraic functions. [Eliminate e* by the given equation.] 

5. Given 6* + a? = e* — y; find —^ by taking the derivative 

dy 
of ^ ; also, find each of the second derivatives from the sec- 
dx 

ond differential equation. 

6. Write the first and second differential equations of 

y^ — ^xy + a?^ = 0; and from them derive -t4 and -y-^. 

' dx^ dy* 

The differential equations are 

(y* — ax) dy -^ {xi' — ay) dx = 0, 
and 
(y2 — ax) d^y + (a?*- ay) d?x + 2y (^y)» — 2a ^x^y + 2x (dxY=^ 0. 

To derive ^, make d?x = 0, and eliminate dy ; we thus ob- 
djT 

tain 

(y- - ax) d'i, + 2 [y(P^y - «^ + a.] W = 0. 
Whence 

and, by substitution from the primitive equation, we derive 

d?y 2a^xy 

dj^^" {y^-axf 

d^y 
the simplest expression for ^ in terms of x and y. 
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7. Find from Ax + ^y + C = the second differential 
eqaation, and interpret the result. 

8. Derive -p-, from the second differential eqaation ob- 

tained from y ^s?^ and show that the result agrees with that 
obtained by treating x as an explicit fanction. 

9. If y = oj?* + ftj?, a? being equicrescent, show that 

x^^y — 2x dy dx + 2y[dxy = 0. 

[Eliminate a and h by meann of the primitive and first and 
second differential equations.] 

10. Find a similar equation, y being equicrescent, and show, 
by means of the relations between the derivatives given in 
Art. 88, that the result is equivalent to the differential equa- 
tion given in Example 9. 

11. If y =f(x) and x = <p{y), convert the equation 

a^ \r(x)\^ == n + [fi^m' 

into a relation between the derivatives of ^. 

12. The functions y = log {x + V,if -h a*) and ^ = ?> ^ 

are each the inverse of the other; find the first and second 
derivatives of each, and show that Equation (5) of Art. 88 is 
satisfied by them. Show that this fact alone does not prove 
that these are inverse functions, and complete the proof by 
considering the values of the functions and their first deriva- 
tives when X = 0. 



CHAPTER V. 

MAXIMA AND MINIMA OP FUNCTIONS OP A SINGLE 

VARIABLE. 

XYI. 

89. If, while the indepeudent variable increases contiuii- 
oasly, a fi^nction dependent on it increase up to a certain 
value, audi then decrease, this value of the function is said to 
be a maximum value; on the other hand, if it decrease to a 
certain value, and then increase, such a value of the function 
is said to be a minimum value. 

Thus, n + sin X increases until x reaches the value ^ :r, and 
then decreases ; the value n + I of the function corres- 
ponding to this value of x is, therefore, a maximum. Simi 
larly, a minimum value n — 1 is obtaiued by putting x = ^7: 

In accTdance with the above definitions, if, while x in- 
creases through a particular value a, the function change 
from an increasing to a decreasing function, it will have a 
maximum value corresponding to x = a. On the other hand, 
if, while X increases through a, the function change from a 
decreasing to an increasing one, it will have a minimum 
value corresponding to a: = a. In either case, the derivative 
of the function changes sign as x passes through the particular 
value a. 

The case which most frequently presents itself is that in 
which the derivative passes through zero, when it changes 
sign. We shall, therefore, examine this case first, and after- 
ward investigate (Art. 105) that in which the derivative 
changes sign without becoming zero. 

90. If the curve whose equation is 

■ y =/(^) 

have, at the point corresponding to the abscissa a, the form 
represented at A in the diagram, the ordinate of this point 
will be a maximuiit ordinate; but, if its form be that repre- 
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/r^-; 



scnted at -B, the corresponding ordinate/ (a) will be a mini- 
mum. Accordingly, either of these points separates a part of 

the curve in vrhich y is an increasing 
function from one in which ^ is a de- 
creasing function; that is, a portion in 
which f{x) or tan ^ is positive from one 
in which this quantity is negative. In 
either case, /'(a) (the value of tan ^ cor- 
responding iox^a) is zero. If we re- 
gard X as increasing through the value a, 
then, in the case of the maximum, /^(o?) 
changes sign in the order -f — , while, 
in the case of the minimum, the order is 
— -h. Conversely, if/(a) = 0, and/'(«r) change sign as 
X increases through the value a^f{a) will be a maximum or 
a minimum value of /(j?), according as the change of sign 
takes place in the order -f — or — -f. 

Functions frequently have several maxima and minima ; 
thus, in the diagram, a maximum value of the ordinate 

occurs at B and at 2>, and a mini- 
mum value at A, at 0, and at E. It 
is to be noticed that an ordinate of 
either class may be either positive or 
negative, and that a minimum ordi- 
nate may be greater than a maxi- 
mum ordinate; e. ^., the ordinate of 
E is greater than that of B. 

91. To find the abscissas of points like A and -B, we put 

nx) = 0, 

and solve for x. It is obvious that this equation will, in gen- 
eral, have several roots, which will be abscissas of as many 
points in which the curve is parallel to the axis of x] but one 
or more of these roots may correspond, as will be explained 
hereafter, to ordinates, or values of /(x), which are neither 
maxima nor minima. 

The existence of the maximum or minimum value required 
in each of the following examples is obvious at the outset. 

92. Let it be required to divide a number into tico such parts 
that the square of one part multiplied hy^tlie cube of the other 
shall give the greatest possible product. 
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Denote the given namber by a, and the part to be sqaared 

by x'y then 

0?* (a — xf 

will be the function whose maximam value is required. It is 
evident that such a maximum exists; for if j? = the product 
is zero, and when x = a the product is again zero, while for 
intermediate values of x it is positive. 

Taking the derivative of this function, the equation 
f{x) = becomes for this case 

2x {a — xY — 3j?* (a - xy = 0, 
or 

a? (a — xy (2a — 2j7 — 3-f) = 0, 
that is 

J? (a — xy (2a — 5x) = 0. 

and a are roots of this equation ; but, as we are in search of 

a value of the function corresponding to an intermediate 

value of X, we put 

2a — 5a: = 0, 
and obtain 

X = la. 

The corresponding value of the function l^rijO.^] is the 
maximum sought. 

GEOMETEICAL PROBLEMS. 

93. As an illustration, let the following problem be pro- 
posed: 0/all right cones inseribed in a given sphere, to deter- 
mine the one having the greatest volume. 

Any point A of the surface of 
the sphere being taken as the 
apex of the cone, let the diagram 
represent a great circle of the 
sphere passing through the fixed 
point A. The position of the 
point P on the circumference of 
the circle is to be regarded as 
variable, and it is required to de- 
termine for what position of this 
point the volume of the cone is a 
maximum. 

a, X, and y being defined by the diagram, we have, as an 
expression for the volume, 

i ry»(a + x). 
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Taking x as the iDilependeut variable, we pat for ^ its value 
in terms of x, and obtain 

The volames of all the possible inscribed cones are repre- 
sented by the valnes of this function while x varies from 
— a to + a. As x increases from — a to + a, the value of the 
function starts from zero and returns to zero, remaining pos- 
itive within this interval; at least one maximum value exists 
therefore corresponding to an intermediate value of x. 

The equation f{x) = becomes in this case, 

J r (a* — 2cur — 3;r») = 0, 

or 

(a + x){a — 3x) = 0, 

an eqiuition Batisfied by 

X = — a or a? = Ja. 

The root a? = J a, being between the required limits, evidently 
gives the maximum value of the volume sought, which is 
thus determined as that cone of which the altitude x + ais 
two-thirds of the diameter of the sphere. 

If the value of the maximum be required, it is readily ob- 
tained by substituting the corresponding value of a?. In this 
case, it is 

94. The only condition to be observed in the selection of 
the independent variable x is that the magnitude uiider 
consideration shall really be determinate for a fixed value 
of it'. Thus, in the above example, a value of x detefmines 
without ambiguity a certain one of the series of cones. On 
the other hand, a value of y does not determine without am- 
biguity one of the series of cones; therefore, y should not be 
taken as the independent variable. 

Examples xvi. 

1. Find the sides of the largest rectangle that can be in- 
scribed in a semicircle of radius a. 

The sides are a VB and J a V2. 

2. Find the side of the smallest square that can be in- 
scribed in a given square. 
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(Take as the independent variable the distance between 
the angles of the two sqaares.) 

3. Find the sides of the maximum rectangle that can be 
circnmscribed about a given rectangle (a b). 

The sides are eqnal. 

4. A boatman 3 miles out at sea wishes to reach in the 
shortest possible time a point on the beach 5 miles from the 
nearest point of the shore; be can pull at the rate of 4 miles 
an hour, but can walk at the rate of 5 miles an hour; find 
the point at which he must land. (Express the whole time 
in terms of the independent variable.) 

He must land one mile from the point to be reached. 

5. If a square piece of sheet-lead whose side is a have a 

square cut out at each corner, iiud the side of the latter 

square in order that the remainder may form a vessel of 

maximum capacity. 

The side of the square is ^ a. 

6. A tinsmith was ordered to make an open cylindrical 
vessel of given volume, which should be as light as possible ; 
find the ratio between the height and the radius of the base. 

The height equals the radius of the base. 

7. What should be the ratio between the diameter of the 
base and the height of cyliodrical fruit-cans in order that the 
amount of tin used iu constructing them may be the least 
possible? 

8. Find the maximum cone of given slant height (a). 

,The radius of the base is aV^. 

9. Find the maximum right cone of given convex surface. 
Let X denote the height, and r the radius of the base; 

then 

X = r V2. 

10. A given weight is to be raised by means of a lever 
weighing n pounds per linear inch, which has its fulcrum at 
one end, and at a fixed distance a from the point of suspen- 
sion of the weight w, find the length of the lever in order that 
the power required to raise the weight may be a minimum. 

11. A rectangular court is to be built so as to contain a 
given ajrea, and a wall already constructed is available for 
one of the sides; find its dimensions so that the least expense 
may be incurred. 
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The side parallel to the wall is doable each of the others. 

12. A Norman window consists of a rectangle snrmoanted 
by a semicircle. Given the perimeter, required the height 
and breadth of the window when the quantity of light ad- 
mitted is a maximum. 

The radius of the semicircle is equal to the height of i the 
rectangle. 

13. Prove that the rectangle with given perimeter and 
maximum area is a square; also that the rectangle with 
given area and minimum perimeter is a square. 

14. A sphere has its centre in the surface of a given sphere- 
what must be its radius in order that the area of the surface 
intercepted by the given sphere may be a maximum? 

(The area of a zone 13 measured by the product of the cir- 
cumference of a great circle into the altitude of the zone.) 

15. Find the point on the line joining the centres of two 
given spheres from which the greatest amount of spherical 
surface is visible. 



I 
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XVII. 

THE APPLICATION OP CO-ORDINATE GEOMETRY TO 
PROBLEMS OF MAXIMA AND MINIMA. 

95. The relations between the variables are, in many in- 
stances, most conveniently determined by the known equa* 
tions of carves referred to co-ordinate axes. As an example, 
let it be required to determine 
the maximum rectangle inscribed 
in a parabolic segment tchose base 
is 2b and altitude a. 

The origin of co-ordinates be- 
ing taken at the vertex of the 
parabola, the relation between 
the co-ordinates of any point of 
the curve is of the form 

y^ = mXj 

m being a constant. Since the 
point (a, b) is a point of the 
curve, we have the condition 

. b* = ma ; 

eliminating m, the equation of the curve is 

y* = — J7. 
^ a 

The rectangle of which the maximum is required is expressed 

by 

2y (a - 0?) ; 

substituting the value of y from the equation of the curve, 
the expression becomes 

26 ,_ 

Hence, we must have 

(a — x) Vj? = a maximum, 
and (since /(a?) = 0) 




whence 



a — X ._ 
0? = ^a. 
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The altitude (a — x) of the rectangle is, therefore, two-thirds 
that of the parabolic segment. 

A constant factor like— 7-^ may always be omitted from the 

Va 

expression to be made a maximum; in fact, if such a factor 

were retained, it would disappear in the solution of the 

equation /'(j?) =s 0. 

96. As a further illustration, let it be required to determine 
the greatest cylinder that can be inscribed in a given segment oj 
a paraboloid of revolution. 

The above figure may now be employed to represent a sec- 
tion of the paraboloid. The volume of the cylinder generated 
by the rectangle y (a — a?) is 

eliminating y, we obtain 

, r — (ax — or). 
a ^ 

Whence, we deduce 

a — 2j? = 0, 
or 

X = Ja. 

{a — x)j the altitude of the cylinder, is, therefore, one-half 
the altitude of the paraboloid. 

Examples xvii. 

1. Find the maximum cylinder that can be inscribed in a 
given ellipsoid. 

2. Inscribe the maximum cone in a given paraboloid, the 
apex of the cone being at the middle point of the base of the 
paraboloid. 

3. Through a point whose rectangular co-ordinates are a 
and b draw a line such that the triangle formed by this line 
and the co-ordinate axes shall be a minimum. 

4. A high vertical wall is to be braced by a shore which 
must pass over a parallel wall 6J feet high; and 16 feet dis- 
tant from the other; find the length of the shortest beam 
that can be used for this purpose. (Take as the independent 
variable the inclination of the beam to the horizon.) 
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5. From a given poiut on the axis of the parabola y* = 4aj7, 
determine the shortest line to the carve.' 

6. Find the minimum isosceles triangle circamscribed about 
a parabolic segment. 

The altitude of the triangle is four-thirds the altitude of 
the segment 

7. The top of a pedestal which sustains a statue a feet in 
height is h feet above the level of a man's eye; find his hori- 
zontal distance from the pedestal when the statue subtends 
the greatest angle. 

8. Inscribe the greatest rectangle in an ellipse. 

9. The equation o^ the path of a projectile being 



= X tan a — 



4A cos" a ' 



find the value of x when y is a maximum; also the maximum 
value of y. 

Ans, a? = A sin 2a, and y = h sin* a, 

10. Determine the cylinder of greatest convex surface that 
can be inscribed in a given cone. 

The surface = ^izrh. 

11. Find the least isosceles triangle that can be described 
about a given ellipse, having its base parallel to the major 
axis. 

The height is three times the minor semi-axis. 

12. Inscribe the greatest parabolic segment in a given 
isosceles triangle. 

The altitude of the segment is three-fourths that of the 
triangle. 
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XVIII. 

THE SECOND DERIVATIVE EMPLOYED TO DISCRIMINATE 
BETWEEN MAXIMA AND MINIMA. 

97. When it is not apparent from the nature of the prob- 
lem whether the value of the function corresponding to one 
of the roots of the equation f(x) = is a maximum or a min- 
imum, it is usually possible to distinguish between them by 
examining the second derivative. Reference to the diagram 
(Art. 90) is sufficient to show that a maximum ordinate of 
the curve y =f{x) is reached when the first derivative be- 
comes zero in a convex portion of the curve, and a minimum 
when it becomes zero in a concave portion of the curve; by 
Art. 78, the curve is convex if the second derivative is nega- 
tive, and concave if it is positive. Thus, a root of f(x) = 
corresponds to a maximum when the second derivative is 
negative, and to a minimum when it is positive. 

98. In fact, a negative value of /"(a) shows that f{x) de- 
creases through the value /'(a), so that if f{a) =Oyf(x) 
changes sign in the order + — , which (see Art. 90) indi- 
cates that /(a) is a maximum value of f{x); on the other 
hand, a positive value off'{a) shows that the change of sign 
takes place in the order — 0+, and hence that the value 
f{a) is a minimum value. 

Thus, given 

f{x) = a?3 - 3a^ - 9a? + 5, 

/(a7)=3a^ — 6a?-9; 
hence, putting 

aj* — 2a? — 3 = 0, 
we obtain 

a? = — 1, or or = 3. 

These are the only values of a? which can render this function 
either a maximum or a minimum. In this case 

/'(a7) = 6a7 — 6; 
when a? = — 1 , 

f'{x) = - 12, 

and hence this value of x corresponds to a maximum value 
of the function; but when a? = 3, 

f\x) = 12, 

3 is therefore a value of x which corresponds to a minimum. 
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The maximum valae of the function is found by substitution 
to be 10, while the minimum is — 17. 

99. If fix) contain a positive factor which cannot change 
sign, this factor may be omitted ; since we can determine 
whether f{x) increases or decreases through zero by exam- 
ining the sign of the derivative of the remaining factor. 
Thus, if 

X 1 — JP^ 

'^^''^""T+^' -^'^^^ "^ (I + off 
1 

Since 77— — ^, is always positive, we have only to determine 

(1 + ^ ) 

whether the factor 1 — jc* changes sign. Denoting this 
factor by r, and putting ^ s= 0, we have 

a? = ±l. 
Now 

5i - " -''' 

which is negative for a? = 1 and positive for a? = — 1. These 
roots give, therefore, a maximum and a minimum value re- 
spectively of f(x), 

CASES IN WHICn THE FIRST AND SECOND DERIVATIVES 

VANISH. 

100. If the first and second derivatives of /(a?) both vanish 
for a particular value a of x; that is, if /*(a) and /"(a) are 
both zero, we proce(*d to find /'"(a?), and to determine its value 
when X = a. Now,/'"(iF) has the same relation to f{x) that 
f\x) has to f{x)'y it therefore follows that [/"(«) being zero 
by hyi)othesis]/'(a), although zero in value, is a maximum 
when f"{a) is negative, and a minimum when f'"(a) is posi- 
tive. As X passes through the value a, the order of signs of 
f{x) is, therefore, in the first case, — — , and, in the second 
case, -h +. In both cases, /'(a?) passes through zero without 
change of sign, as x passes through the value a, and conse- 
quently /(a) is neither a maximum nor a minimum value off{x), 

101. If the curve y =f{x) be con- 
structed, the cases referred to above 
will be illustrated by points of inflex- 
ion at which the curve is parallel to 
the axis of x. (See Art. 79.) ( 

The point A corresponds to the 
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case in which the order of signs of f{x) (or tan ^) is + +, 
and B to that in which it is — — • In the first case,yt^) (or 
y) continues to be an increasing f unction j and, in the second 
case, a decreasing functionj while x passes through the value a. 

Examples xviii. 

1. /(d?) = 2j?3 + 3j?* — 36j? + 12; find the maximuin and 
the minimum value of f{x), 

( X =z2 gives /( J?) = — 32, a minimum. 
'^^' ( a? = — 3 gives /(a?) = 93, a maximum. 

2. Trace the curve y = 2j?^ + 3ij* — 360? + 12, finding the 
minimum vahie of tan tp and the point at which it occurs. 

Thepointi8(- J, 30J). 

3. f(x) = 3^ - 125.»3 ^ 2160^. 

J J? = — 4 and x = 3 give mux. values of /{x) ; 
^«*- i X = - 3 and a: = 4 give tnia. values of /(x). 

2 x A- X* 

4. f{x) = -^--^ ; show that x = i makes f{x) a min- 

imum. (See Art. 99.) 

5. f{x) = 3x^ - 16x^ - 6j?* + 12. 

Ans. a? = 2— \/5givesa min..a? = 0, a max., a?=2+ Vo, amin. 

C./(:p)=-^. 
*^^ ^ log J? 

-^^"^^-^ {\ogxy ' 

and 

log a? — 1 = gives j? = e. 

It is unnecessary in this case to examine f'(x)) because as 
X passes through the value e,f{x) obviously changes sign in 
the order — + ; f{x) is therefore a minimum for x = 6. 
(See Art. 97.) 

7. f{x) = ae** + he—^] show that/(a?) has a minimum value 

equal to 2 Vab. 

8. f{x) = sin 2x — x. 

The roots of f{x) = are expressed by a? = wtt ± J ;r, n 
being zero or any integer: the corresponding values of /(a?) 
are alternately maxima and minima, x = ^7: giving a max- 
imum. 

9. /(jc) = Jt*. (See Example 6.) 
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10. /(j?) =zx sin J7. 

The solution is given by the equation tanj? = — a?: the 
first positive value of x is found in the second quadrant. 
Since /(^) is zero when x is zero, and again when x equals ?r, 
being positive between these limits, this value of x gives a 
maximum. 

6 

11. f(x) = ft + c (a? — a)^. 

f{x) = f c (j? — a)^. 

Since y'(j;) cannot change sign, /(a?) has neither a maximum 
nor a minimum value. 

12. f{x) =:aaf + hx + c, 

f[x) has a maximum value when a is negative, and a mini- 
mum value when a is positive. 

13. f(x) = aa^ + ba^ -{- ex + d. 

The roots of fix) = are real only when h* — Sac > 0. 
This condition being fulfilled, if a is positive, it is obvious 
that, as X increases from — oo to + oo, the function at first 
negative increases to the maximum, then decreases to the 
minimum, and afterward increases without limit. The value 
of X corresponding to the maximum is, therefore, less than 
that corresponding to the minimum. 

14. f(x) = a? — sin x. 

The function admits of neither a maximum nor a minimum 
value, since /'(a?) cannot change sign. 

15. j\x) = x[a + xf (x — of. 

f'{x) = (a + xY [X — a)3 + 2x{a + a?) (a? — a)^ + 3x(a + x)^ (a?— a)*, 
= (a + a?) (a? — a)' [6a^ -^-ax^ a*], 
= '^(x '\'a)(x^ a)* (x-^\a)(x-\-\ a), 

.•• (a? + a) (a? + J a) (a? — J a) (x — a)* = 0, 

the roots of which are 

— a, — J a, + i «j + «» + «• 

When a? < — . a, /'(a?) is negative; when a? increases through 
— a, /'(a?) passes through zero and becomes positive, again 
changing sign when a? = — J a, and when x^^a^ but not 
changing sign when x^a. The successive signs of the de- 
rivative are indicated below: 



\ 



X = 


-a, 


— J a, J a, a, 


/(^) 


— + 


— +0+. 


3 







34 MAXIMA AND MINIMA. 

Therefore, 

X = -^ a gives a minimum, 
X = "ia gives a maximum, 
X ssz^a gives a minimum, ^ 
a? = a gives neither. 

16. f[x) = (ar - 1)^ (X + 2)3. 

a? = — 1^ gives a max. x = 1 gives a min. a? = — 2 gives 
neither. 

x(a; + 3) 



/'(^) = 



»>\3 



(X + 2) 



(a? + 3)* 
If we divide fix) by the fraction ] J. , which is positive 

^ (j? + 2)*' 

for all values of x, we obtain x{x + 2)'y putting this result 
equal to t?, we have (see Art. 99) 

V = x{x + 2). 

The roots of t? = are 

X = and a; = — 2, 
since 

J = 2x+2, 
the first gives a minimum and the second a maximum. 

18. fix) = 5^^ . 

* ' or + X — 1 

X = makes y^a?) a max., and a? = 2, a min. 

19. /(a?) = 2 cos a? + sin* x. 

f(x) = 2 sin a? (cos x — 1). 

Eejecting the factor 2(1 — cos a?), which is always positive, 
we put 

t? = — sin a?. 

When X passes through zero, v changes sign in the order 
+ — , indicating a maximum value oif{x). When x is equal 
to TT, we have a minimum. 

20. The illumination of a plane surface by a luminous point 
being directly as the cosine of the angle of incidence of the 
rays, and inversely as the square of its distance from the 
poin't; find the height at which a bracket-burner must be 



, EXAMPLES. 35 

placed, in order that a point on the floor of a room at the hor- 
izontal distance a from the barner may receive the greatest 
possible amount of illamination. 

Show that the root x = — ,= fulfils the conditions for a max- 

imnm^ and a? = 0, those for a minimam. 

21. ltf[x) contain a factor of the form {x — a)^ + ^, n being 
an integer, show that /(a) is a maximum or a minimnm; but, 
if the factor be of the form [x -^ a)'", that f{a) is neither a 
maximnm nor a minimam: also, that in the latter case the 
carve y =f{x) has a point of inflexion at a? = a. 

22. If a rectangalar piece of tin, whose sides are a and &, 
have a sqaare cat oat at each corner; find the side of th<3 
sqaare in order that the remainder may form a box of maxi- 
mum capacity. 

^, . , a + ft - V{a* - aft + &*) 

The side = — ■ ^^^ ■ — - . 

b 

23. A conical vessel whose altitude is a and semi-vertical 
angle 30^ is filled with liquid; find the radius of the sphere 
which, when placed in the vessel, will displace the greatest 
quantity of liquid. 

The radius = ^ a. 

24. J\x) = ^+ ^' 



X a — X 



a* , a' 



The roots x = r and x = — ,- give a min. and a max. 

a + a — b 

if b is positive, but a max. and min. if b is negative. 
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XIX. 



THE COMPLETE CRITEEION. 



102. Let as examine now the series of fanctions 

m^ /(^), r{^\ f"{^\ • . . ./"- w, r-\x). n^)- 

Let a denote one of the roots ot f{x) = 0, and let f^(a)j 
/"(a), .../**■"*(«), /*--X<*) vanish likewise ; /"(a) being the 
first of the series of derivatives which does not vanish when 
X = a. 

Let us first suppose /"(a) to be positive; it follows from 
this supposition that /"~*(a?) is an increasing function when 
X = ay and, since /""H^) = ^j /'*~*(^) changes sign in the 
order — +. Hence, /"~*(a?), of which /"-^(x) is the deriva- 
tive, has a minimum value when x = a. N"ow,/**~*(a) is zero 
by hypothesis, hence it is a zero-minimum; its sign is, there- 
fore, positive both before and after a? = a, as indicated by the 
signs + + ; hence, /^~ '(a?) continues to be an increasing 
function as x passes through a. 

Again,/''-'(a) is zero by hypothesis; hence,/** ~'(ir) changes 
sign in the order — +. Continuing this course of reason- 
ing, it becomes evident that the functions of this series are 
minima and increasing functions alternately when a? = a. 

The diagram represents small 
portions of the curves y =/»-\x), /"(^) 



oY 



\ r-\^) 



y=/*-*(a7), &c., near the points fn-\t^\ 
for which x = a, 

103. Now, since the original 
fuiiction f{x) stands as the zero /"-'(a?) 
term of the series, if n is even, it 
will be one of the series/",/""*, 
&c., and will have a minimum 
value for a? = a; but if n is odd, it 
will be one of the series /" ~ S /** ~ % 
&c., and the curve will have a 
point of inflexion,/(a) being neither 
a maximum nor a minimum. If 
/"(a) is negative (the preceding yv^j 
derivatives still vanishing when 



a 



Y- 



a 



A.^ 



\a 



a 






+ 

-0 + 
+ + 
-0 + 
+ + 



If, therefore, n is even, 



A^) 



oY /(a) a min, 



If n is odd, 

a^ a point of 



X = a), it is proved in a precisely inflexion. 
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similar maQuer that the fuQctions of the series are, for this 
value of X, alternately maxima and decreasing functions; f(a) 
being a maximam if n is even, but neither a maximum nor 
minimum if n is odd. The diagram is easily modified to 
illustrate this case. 

104. The following example illustrates the application of 
the criterion. 

f[x) = €f + e-' + 2 cosx, 

f{x) = e* — e-' — 2 sin x. 

Zero is evidently a root of the equation/'(ip) = 0. In this case 

f'(x) = (f + €-' — 2cosx .-. /'(0) = 0, 
/"(^) = e' - e-' + 2 sin a? .-. f''{0) = 0, 
f^^x) =e' + e-' + 2cosx .-. /i^(0) = 4. 

The fourth derivative being the first that does not vanish, 
and having a positive value, we conclude that x = gives a 
minimum value of f{x). 



Examples xix. 

1. f{x) = {x- 9)5 (X - S)\ 

2. f{x) = log cos X — cos X, 

3. f{x) = 4^ + cos 2j? - ^ (e^' + e-^'). 



For ;r = 8, a max. 
For ;r = 0, a max. 



For a? = 0, a max. 

4. Find the maximum and minimum ordinates of the curve 
y = x^ + 2^ — 12^* - AOx - 34. 

The concurrence of a maximum and a minimum ordinate 
at the point (—2, —2), corresponding to a pair of equal 
roots off{x) = 0, gives a point like B in the diagram of Art. 
100. There is a minimum ordinate corresponding to the 
other root of f(x) = 0. 

5. Show that the curve ,y = x^ — 6x* + Ax^ -}-9x^ '-12x + 3 
has a minimum ordinate corresponding to a: = 1. 

6. f(x) = sin a? (1 + cos x). 

For a? = -, a max. For a? = — , a min. For j? = tt, neither. 

7. f{x) = (3 — ip)e^' — 4^76' — X. Is there a maximum or 
minimum corresponding to a? = Of 

Neither. 
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XX. 



CASES IN WHICH THE FIRST DERIVATIVE BECOMES 

ENTTNITB. 

105. The esseDtial characteristic of a maximum or a mini- 
mum value of f{x) is that f{x) changes sign as x passes 
through the corresponding value. The case in which it 
changes sign on passing through zero has been treated in the 
preceding sections of this chapter. f{x) may also change 
sign on passing through infinity 5 we now proceed to the con- 
sideration of the latter case. 

Suppose we find that, for a value a of a?, f(x) becomes infi- 
nite: it is then necessary, first, to ascertain whether /(a) is 
infinite; and, secondly, whether f{x) remains real while x 
passes through the value a. 

Since a maximum value is preceded by increase and fol- 
lowed by decrease, the derivative must change sign in the 
order + 00—. On the other hand, in the case of a minimum 
the order must be — oo -f. If the derivative does not change 
sign, there is, of course, at this point neither a maximum nor 
a minimum. 



106. If the curve y =f{x) be constructed, 
a case in which the above conditions are 
fulfilled will be illustrated by a point simi- 
lar to A or JB in the diagram; the tangent 
at either of these points being common to 
the two branches of the curve. Such points 
are called cusps. In these cases, the com- 
mon tangent is parallel to the axis of y. 

107, Since f'(x) becomes infinite for val- 
ues of X which render f{x) infinite, it is « 
necessary to distinguish maxima from min- 
ima by direct examination of the first derivative. 

As an illustration, let us take 

f(x) = (a? - i+h, 
whence 

6y X — a 



k 




E 
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f{x) cannot become zero, but is infinite for a? = a. Becurring 
toJ\x)j and patting a for x, we have 

a finite qnantity. Moreover,/(a:) changes sign, as x increases 
through the value a, in the order — oo 4- ; therefore & is a 
minimum value of f{x). ' 

The conclusion in this case might have been anticipated, 
since {x — a)t cannot become negative. 

108. Again, let us take 

f{x) = (a: - a)i, 
whence 



4cV{x—'af' 

f{x) is infinite for x = a, and f[a) = O5 but, as x passes 
through a^f(x) becomes imaginary. 

In this case, it is evident that the value y^a), corresponding 
to the extreme or limiting value of a?, is the least possible 
value of J\x) as long as we confine ourselves to the positive 
value of the symbol {x •— a)^] but the curve whose equation is 
^ = J? — a, which is equivalent to y = ± Vj? — oj has no mini- 
mum ordinate. 

109. Again, let us take 

^^""^"{x^'iy' 
whence 

— h*(x + a) 



/W = 



{X — af 



When X passes through the value — a,/ (j?) changes sign 
in the order — O + 5 hence, /(—a), or — — »^8 * minimum. 

Again, when x passes through the value a^f{x) passes through 
infinity and changes sign; but /(a) is also infinite. 

MAXIMA. AND MINIMA OF A FUNCTION OF A FUNCTION. 

110. When it is required to determine the maximum and 
minimum values of a function /of a variable z, which is not 
independent, but which is itself a given function f of another 
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variable a?, we may proceed to eliminate z by means of the 
two equations 

y=/(^) .... (1) 
ancl 

z = <p{x)j . . . . (2) 

and then solve as in the preceding sections. 

In certain cases, however, the following principle will be 
found very useful : 

Differentiating (1), we obtain 

dy=f(z)dz (3) 

A maximum or a minimum value of y is attained whenever 
dy changes sign. Were z an independent variable, it would 
only be necessary to examine the cases in which f(z) changed 
sign, since dz would be arbitrary. In fact, when the inde- 
pendent variable ^^passes through the value a^ (Art. 100), its 
differential cannot change sign. 

In the present case, however, 2; is a function of x; there- 
fore, if Zj or ^{x)j has a maximum or a minimum value, dz 
will change sign as x passes through a certain value, thus 
[see Equation (3)] causing a change of sign in dy.* Hence^ 
we conclude that any function of a maximum or a minimum is 
a maximum or a minimum. 

111. The form of Equation (3) shows that iff{z) is positive, 
the change of sign in dy takes place in the same order as in 
dz', but if f{z) is negative, the order is reversed. In other 
words, if/(^) is an increasing function of Zj as z arrives at a 
maximum or a minimum value, /(^f) will simultaneously reach 
a maximum or minimum value; but if /{;2;) is a decreasing 
function, it will reach a minimum when z reaches a maximum 
value, and vice versa. 

112. Other solutions may be obtained from Equation (3) 
whenever the factor f\z) changes sign. Let a be a value of 
z thu& obtained ,• it is now necessary to solve the equation 

* Asz does not *^pa88 through'^ a maximum or minimum value, neither 
does/(2^) pass through the value assumed at the instant when this change 
of sign in dz takes place; it is, therefore, impossible iovf{z) to change 
sign simultaneously with dz, so as to neutralize the effect of the change of 
sign of the latter. 
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a = ^{x), 

in order to ascertain whether a is a possible valae of z, and, 
if so, to what values of x it corresponds. 

113. Let us take the function cos (j?* — 4x). In this case 

2^ = a?* — 4r, . . . • (1) 
and 

y = cos z (2) 

We find from Equation (1) that x = 2 gives a minimnm value 
orz equal to — 4; since this valae of z is between — n and 
— f TT, the arc terminates in the second quadrant, where the 
cosine is a decreasing function; and therefore cos (—4) cor- 
responding to a minimum value of ;? is a maximum value of y. 

Other solutions may be derived from Equation (2)^ since 
we know that cos ;? is a maximum when z = 0^ ± 2;r, &c., and 
a minimum when 5^ — ± tt, ± 3:r, &c. 

Putting 

;? = = X'^ — iXj 

we derive 

0? = and d? = 4, 

which give maximum values of y equal to unity. 
The general solution of Equation (1) is 

a? = 2 ± VT+~z. 

Putting 2r = TT, we obtain two values of x, giving minimum 
values of y equal to — 1. 

Putting ;? = — TT, we obtain two values of x. giving like- 
wise minimum values of y equal to — 1. 

In like manner, z = 2;r, Stt, 4?:, &c., give alternate maxima 
and minima. The remaining negative values of z give ima- 
ginary values of x. 

THE EMPLOYMENT OF A SUBSTITUTED FUNCTION. 

114. In accordance with the principles of the foregoing ar- 
ticles, it is obvious that \ff{z) is always an increasing funetiony 
it will have maxima and minima corresponding to those of ;^, 
and no others. Such a function may, therefore, be substi- 
tuted for the given variable z for the purpose of determining 
its maxima and minima. This substitution will be found 
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advantageoas whenever the derivative of the resulting func- 
tion is more simple than that of the given function. 

It is often convenient to apply this method to radical func- 
tions, making use of some power of the given function which 
does not involve radicals. If the exponent indicating the 
power be a positive odd number, or an even number, provided 
the given function is positive^ the resulting expression will 
be a function that always increases with the given function. ! 

115. The logarithm which is always an increasing function ' 
is also frequently employed in a similar way. The logarithm 

of a negative quantity is, indeed, imaginary; but, since we \ 

employ the logarithmic differential, which is the same for a 
negative as for the corresponding positive quantity (Art. 49), 
the method is equivalent to the employment of a decreasing 
function whenever the given qtiantity becomes negative. 

The case in which the given quantity becomes zero (the 
logarithm of zero being infinite), must be separately exam- 
ined, because the logarithmic differential changes sign when 
the given quantity passes through zero as well as when it has 
a zero maximum or minimum. 

When the reciprocal or any other decreasing function is 
employed in this way, it must be remembered that a maxt- 
mum of the resulting function corresponds to a minimum of 
the given function, and vice versa. 

116. As an illustration of the application of the logarithmic 

f;inction, let us take 

_ {X + 2)* (jr^ -f 2 x)i 

^^""^ " (1 - x)l • 

The derivative of the logarithm is 

^' x + 'l^^'x^ + 2x^ '6{l-xy 
Reducing, and putting equal zero, 

5.^ ~ 7 J? - 4 

(>(»•* + 2x) (07 — 1) "■ • 
The roots are 

it is easily proved that the negative root gives a maximum 
value of log f/(a?)], and that the positive root gives a mini- 
mum value. Since f{x) is found on examination to be riega- 
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tive for both roots, its values correspondiog to these roots 
are respectively a miQimam and a maximum. 
To find the values of x which make the above derivative 

infinite, we put 

x{x + 2) (a? — 1) = 0. 

Eeferring to the value of /(x), it is found to be infinite for 
a? = 1. As a? passes through the root — 2, /(a?) becomes ima- 
ginary; this case is, therefore, similar to that of Art. 108. 
As X passes through the value 0,/(a7) changes sign; this root, 
therefore, gives neither a maximum nor a minimum. 

Examples xx. 

1. f{x) = (a^ + 3-c + 2)* + x^. Show that f{x) has mini- 
mum values when ar is — 2, — 1, and 0. 

2. f{x) = (a?* + 2x)* - (a? + 3)i 

Maxima for a? = J (— 3 i VlT); minima for a: = and a? = — 2. 

3. f{x) = (a? — a)i {x — h)^ + c. 

A maximum for x = — ^ — ; minima for a: = a and x = b. 

4. f(x) = (a? - a)* {X - h)K 

Solutions for a? = a and a? = J (26 + a); if 6 > a, the former 
gives a maximum, and the latter a minimum. 

5. /{x) = sec a? + log (± cos a?). 

f{x) = (sec a? — 1) tan x. 

The only finite solutions occur when a? = 0, or a? = ;r. When 
x passes through zero, sec x ^1 does not change Bignjf(x) 
changes sign in the order — +, indicating a minimum. 
When X passes through tt, the order is + — , indicating a 
maximum. 

6. f{x) = sec a? + log cos* x. 

Maxima for a? = 0, and a? = ;r; minima for a? = ± J ;r. 

7. y][a?) = c"^*c<»** 

Maxima for cos a? = 4: V§; minimum for cos a? = (the 
angles being taken in the first semicircle). 

S.f{x) = (a^-^y^'^ 

Minimum for a? = — J (a being positive). 

9. f(x) = ^ ^ ^ . 
ax^ -- bx + a 
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Employing the reciprocal, we obtain ir=±l; a? = — 1 
gives a maximnm of the reciprocal, and, consequently, a mini- 
mum off(x). a? = + 1 gives a maximum of f[x). 

X — 1 

The derivative of the reciprocal is 

2x-2- ^^ 



(x-lf 
putting it equal to zero, we obtain 

which gives a maximum of f(x). The derivative is infinite ' 
for J? = 1. As a? passes through this value, the reciprocal 
also becomes infinite, and j\x) zero 5 but, since it changes 
sign, there is neither a maximnm nor a minimum. 

11. JXx) = ^/W+ax + VF^^^oi. 
Squaring, we obtain 

which is evidently a maximum for a? = 0. 

12. To divide a number a into a number of equal parts 
such that their continued product shall be a maximum. 

Let X denote the number of parts, then - is one of the parts, 

X 

- J is the continued product. Taking the logarithmic 
derivative, and putting it equal to zero, we deduce 

log X = log a — 1 = log a — log e = log - , * 



a , /aV 

iT = -, and ( - I = e% 

e \xj 



a maximum value of the function employed, since the second 
derivative is negative for positive values of x. 

Strictly speaking, this question requires an integral answer. 
The greatest result is obtained by putting for x one of the 

two whole numbers between which the value of - falls. 
^^ ., , sin a? cos a? 

13. f(x) =r -— - . 

•^^ ^ COS^ (^t:— X) 
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Taking the logarithmic derivative, we have 

cot X — tan a? — 2 tan ( J?r — a?) ; 

substituting the valae of tan {^k — j?), and patting this de-, 
rivative eqnal to zero, we have 

2V3 — 2tanir ^ 
cot X — tan X j-zz = 0: 

1 + V 3 tan a? 
reducing, we obtain 

sec^ J? (1 — V3 tan x) = 0. 

The only solution is 

tan 07 = J Vs. 

Whence, 

ar = ^TT or J^t, giving maxima. 

The derivative is infinite for a? = 0, a? = Jir, and a? = — ^tt ; the 
last renders /(x) infinite. When x passes throagh the first 
and second values, /(x) changes sign, and therefore in these 
cases, ii is neither a maximum nor a minimum. 

The employment of the reciprocal function furnishes a sim- 
» pier solution. 

On expanding cos* (Jt — a?), the reciprocal reduces to 

i (cot a; + 3 tan a? + 2 Vg). 

Putting the derivative equal to zero, we obtain 

* — cosec* a? + 3 sec* a? = 0. 

\ Whence, 



tan a? = ± J V3, 



and therefore 



a? = i:|-7r and *ii^7c. 

The positive value of tan x gives a minimum, and the nega- 
tive value a maximum value of the reciprocal. This maxi- 
mum is, however, equal to zero, and corresponds to an infi- 
nite value of f(x). 

14. The lower corner of a leaf of a book is folded over so 
as just to reach the inner edge of the pagej find when the 
crease thus formed is a minimum. 

Let y denote the length of the crease, x the distance of the 
corner from the intersection of the crease with the lower 
edge, and a the width of the page. 
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By means of the relations of similar right triangles, the fol- 
lowing expression is deduced: 

Whence we obtain 

which gives a minimum value of y. 

15. Find when the area of the part folded over is a mini- 
mum. 

When a? = § a. 
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XXI. 

MAXIMA AND MINIMA OF IMPLICIT FUNCTIONS. 

117. To determine the maximam and miDimum values of y 
^hen the relation between y and x is sacli that y cannot con- 
veniently be expressed as an explicit function, we derive the 

dy 
valne of -=^ in terms of x and y by the method explained in 
ax 

Art. 81. The equation thus obtained will be of the form 

dy u 



dx V ' 



• (1) 



in which u and v denote, in general, functions of x and y. In 
the case of a maximum or a minimum value of y^ we have, as 
usual, the condition 

whence, 

w = 0, . . . . (2) 

an equation involving x and y, which must be combined with 
the original equation in order to determine x. 

To decide whether a value of x thus obtained corresponds 
to a maximum or a minimum, we examine the second, and, 
if necessary, higher derivatives. From (1) we obtain 

du dv 
d^y _ dx^ dx ^ 
dx'' ^ ' • • "^^' 

dv 
but, since -p (and therefore u) is in this case zero, (3) re- 
duces to 

dti 



[S]=¥. • • •<« 



in which the notation [ ] denotes the value of the enclosed 

derivative when -^ = 0. 

dx 

As an illustration, let us take , 

xy^ — a^y = 2a\ . . . • (1) 
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whence 



therefore, 



dy y{2x — y) 



(2) 



dx "" x{2y — a?) ' 

By the condition for a maximum or a minimum, we have 

u = y{2x — y) = ; 
whence 

y = or y = 2j?. 

Patting y =s in (1) gives an impossible value of x, but y = 2x 
gives 

x = a and y = 2a. 

From (2) we obtain 



Idx^J x{2y--x)' 



which is positive for x=^a] the corresponding value of y is, 
therefore, a minimum. 

In this example, y has two values for each value of a?, since 
the implicit function includes two explicit functions. We 
have, in fact, found the minimum ordinate of the curve rep- 
resented by the given equation. 

The results derived by making -^ infinite correspond to 

points at which the tangent to the curve is parallel to the 
axis of y. The two values of y here become equal, hence the 
two branches of the curve meet. At such a point, the curve 
has a limiting abscissa [compare Art. lOS]. In fact, the con- 

dition — = Qo is equivalent to ^i- = 0, which would be used 
ax ay 

in determining maxima and minima abscissas. 

A CLASS OF PROBLEMS INVOLVING MORE THAN ONE 

INDEPENDENT VARIABLE. 

118. The determination of the maxima and minima of func- 
tions of several independent variables depends, in general, 
upon principles established in the chapter containing the com- 
plete discussion of such functions; but certain cases of fre- 
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quent occurrence may be solved in the manner illustrated 
in the following example: 

Required J the dimensions of an open rectangular box of given 
capacity requiring for its construction the least possible amount 
of material. 

In this example, there are three variables (the three dimen- 
sions), connected only by the condition that their product 
shall be a given constant; hence, there are in effect two inde- 
pendent variables, x and y. Denoting the height by z and 
the given capacity by c^, we have 

xyz = c^ (1) 

The expression for the area is 

xy+2(x+ij)z (2) 

We first show that when this expression has a minimum 
value, we must have x=zy. Let B denote the unknown value 
of the area of the base xy when the expression is a minimum ; 
then, eliminating z by Equation (1), and substituting B for 
xy, (2) becomes 

B + 2{x + y)^. 

Kow, in order that the entire expression may have the mini- 
mum value required, we must select from the values of x and 
y which satisfy the equation 

xy =:B 

such values as will make the factor (a? + y) a minimum; this 
will be the case when x = y (Example 13, xvi). The base of 
the box is, therefore, a square, and (2) reduces to 

4c3 





x' 


+ ;• 


Whence, ( 


differentiating. 






2j?- 




therefore, 








X : 


= cV^. 


and 








z = 


rJCv'iJ, 


4c 
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119. When the shape of the box only is required, we may 
proceed thus:— Assuming the base to be a square, we have 

x^ + Axz = a minimum, . . • (3) 

and 

x^z = 0''^; . • • • l"*^ 

whence, 

xdx + 2xdz + 2z dx = 0, 

and , 9 7 A 

2xz dx + x^dz = 0. 

dx 
Eliminating — , we obtain 

x := ^z» 
The MgU of the box is, therefore, half the edge of the base. 

■ COREELATED PROBLEMS OF MAXIMA AND MINIMA. 

120 Many problems of maxima and minima Uave a recip- 
rocal relation, such that the solution of one problem being 
known, that of the other may at once be inferred. As an 
illustration, we introduce the reciprocal problem to the one 
solved in the preceding article. 

An open, rectangular box is to be constructed from a given 
amount of material; required, its shape in order that %t shall 
have the greatest possible capacity. 

We shall prove that the shape of the box in this case is the 
same as that found in the last problem for the box requiring 
a minimum of material for a given capacity. 

Let the minimum of material corresponding to a given ca- 
pacity e> be denoted by k^; h'^ denoting in like manner the 
minimum corresponding to c". ., ,. ,2 

It is evident, since the shape remains the same, that I 
and c^ increase and decrease together. , . , \. . . 

Now let F denote the given amount of material; then, 1/ 
the box of maximum capacity has not the shape specified, its ca- 
pacity will be different from c>; denote it by C. Now, with- 
oat changing the capacity, we may decrease the amount of 
material to tL corresponding minimum h' K Then, since 

which is contrary to the hypothesis that c'Ms the maximum 
capacity. Therefore, the box of maximum capacity must have 
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the same shape as the one requiring a minimum of material tcith 
a given capacity ; that i«, its lieight is one-half tine edge of the 
base. 

121. The analytical reason for this correspondence of solu- 
tions is evident on referring to Equations (3) and (4) of Art. 
119. In the problem just discussed, we should have, instead 
-of (3) and (4), the equations 

x^z — 2L maximum, 
and 

x^ + \xz = A:2, 

which would give the same differential equations for deter, 
mining the shape. 

If the quantities which take the place of c^ and W are such 
that, instead of increasing together as in the above case, the 
one increases as the other diminishes, it may be shown that 
a maximum solution of one problem will correspond to a 
maximum solution of the other, and a minimum to a minimum 

fermat's problem. 

122. The position of a point in each oftico media {A and B) 
separated by a plane surface, being given, it is required to find 
the path described by a particle xchich goes from one point to the 
other in the shortest possible time. The velocity of the particle, 
which is constant in each medium, is denoted, in the medium 
A by w, and in the medium B by v. 

The path is evidently composed of two straight lines, one 
in each medium. It is easily proved that the plane passing 
through the two points, and normal to the surface, contains 
these lines. 

For, if not, let the path be projected on this plane, then 
the portion of the new path thus formed, contained in each 
medium, will be shorter than the corresponding portion of 
the original path; therefore the new path will be described 
in less time than the original path. 

123. Let a and b denote the lengths of the perpendiculars 
to the separating surface let fall from the given points, and 
c the projection of the path on this surface. 

Let the particle be supposed to move from A to B, and let 
i denote the angle of incidence, that is, the angle between a 
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and the path in A, and r the corresponding angle in the 
medium B. 
The time occupied in describing the portion of the path in 

the medium A is expressed by , and the time in the 

J) sec f 
medium B by ; hence the function to be made a min- 

V 

imum is 

aseci &secr 

the relation between i and r being expressed by 

a tan i + b tan r=zc. . . • (-) 

The differential of (1) is 

- sec i tan i di + - sec r tan r dr : 

u V 

putting this equal to zero, we obtain 

- sec i tan idi = — sec r tan rdr.. . (3) 

From (2) we obtain 

a sec^ i di = — b sec* rdr*, . . (*i) 

dividing (3) by (4) to eliminate di and (?r, we have 

1 tan i _ 1 tan r 
u * sec 1 ~~ t? ' sec r' 

or 

t? sin r 



u smt 

124. This result has been employed to show that the hypoth- 
esis that the path of a ray of light is that which occupies the 
least time is consistent with the observed fact, that the ratio 
of the sine of the angle of incidence to the sine of the angle 
of refraction is constant, provided we suppose the veloci- 
ties to increase with the densities. This last supposition is 
consistent with the undulatory theory, but inconsistent with 
the transmission theory. 
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Examples xxi. 
miscellaneous. 

1. 5y* — Gxy + x*^ — 9 =: : find maxima and minima of y. 
The positive valae of x corresponds to a maximum, and the 

negative to a minimum. 

2. ^ — x^y + x — sP=:0. Prove that a? = — 1 gives a max- 
imum value of y. 

3. X* + 2ax^y — ay^ =zO. Show that when j? = ±a, y=— a 
and is a minimum. 

4. 3a^y^ + xy^ + 4aar^ = 0. Show that when x = fa, y has 
a maximum value, nameb' — 3a, the value of ^ being 

then — - - . 
oa 

5. In a given cone inscribe the greatest rectangular paral- 
lelepiped. [See Art. 118.] 

I The base is a square, and the height is equal to one-third 

f the altitude. 

I 6. In a given sphere inscribe the greatest rectangular par- 

( allelopiped. [See Art. 118.] 

A cube. 

I 7. /•(^) = ;,--^ -— . 

' ^ 1 + X tan X 

. A maximum when x = cos x. 

j ^ ^ tan3a7 

I A minimum for a? = 0, |r, |;r, and r : 

I a maximum for x = Jt, ^-, J:r, &c. 

x^ + 2x+ 11 



9. Ax) = 



x^ + 4.x+ 10 • 



10. f(x) = — ,— . A maximum for j? = e**. 

II. /(a?) = (X - 1)3 (J? + 1) - 2. 

12. f{x) = (1 + ^5) (7 - x)\ 

Solve by putting a? = z^, A minimum for .r = and x = 7: 
^ maximum for x = 1. 

13. f(x) = 5^ -f 12j?5 _ 15^^ - 40X-3 + 15^2 -f 60:p + 27. 
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X = —2 gives a minimam; x = + 1 gives neither a maxi» 
maqi nor a minimum. 

{a — xY f 



14. Ax) = 



a - 2.C • \ 



x=-\a gives a minimum. 



15. Determine the cylinder inscribed in a sphere so that 
its whole surface shall be a maximum. 



Height = r [2 (1-1V5)T. 



16. Determine the cone inscribed in a given sphere so that 
its whole surface shall be a maximum. 

Height = jjT(23-\/l7). 

17. Given the vertical angle of a triangle and its area; find 
when its base is a minimum. 

8. It is required to construct from two circular iron plates 
of radius a a buoy composed of two equal cones having a 
common base which shall have the greatest possible volume. 

19. Find the cone of minimum volume described about a 
given sphere. 

The height is twice the diameter of the sphere. 

20. A cylindrical trough is constructed by bending a given 
sheet of tin; its breadth being denoted by 2a, find the radius 
of the cylinder when the capacity of the trough is a maxi- 
mum. 

Let X denote the radius of the cylinder; then - will denote 

X 

the half-angle of the segment which forms the trough. The 
area of any section will be expressed by 



a , a 
ax — X cos 

therefore 



ax — X cos - . X sin - ; 

X x^ 



f(x) = ax — XT sm - cos - , 
•^ ^ X x^ 

and 

f(x) = 2a COST 2x sm - cos - . 

^ ' X XX 
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Whence 



cos 



- ( a cos X sin ) = 0, 

j?\ X xj 

a - 2a 

cos - = .'. - = ;:. 
X X 

There is evidenth' a maximntn between - = and - =:r; and 

XX 

as - = - is the only root between these limits, it must cor- 

X ^1 
respond to the maximum sought. 

21. A steamer whose 8i)eed is 8 kuots per hour and course 
due north sights another steamer directly ahead, whose 
speed is 10 knots, and whose course i* due west. What must 
be the course of the first steamer to cross the track of the 
second at the least possible distance from her? 

liesulU N, 530 8' W. 

22. Determine the angle which a rudder makes with the 
keel of a ship when its turning effect is the greatest possible. 

Let ^^^ denote the angle between the rudder and the pro- 
longation of the keel of the ship; then the stream of water 
intercepted will be proportional to sin (p: the resulting force 
being decomj>osed, the component perpendicular to the rud- 
der will be proportional to sin^ <p. Again decomposing this 
force, and taking the component that is perpendicular to the 
keel of the ship, which is the only i)art of the original force 
that is effective in turning the ship, we have the expression 

siu^ <P cos <p. 
W^henee we obtain 

sin c? = J V(j, 

23. The work of driving a steamer through the water being 
proportional to the cube of her speed, find her most econom- 
ical rate per hour against a current running a knots per hour. 

Let V denote the speed of the steamer in knots per hour. 
The work per hour will then be denoted by Icv^, h being some 
constant, and the actual distance the steamer advances per 
hour by 1? -- a. The work per knot is expressed by 

V — a' 
Whence we obtain the result 

V = fa. 

24. To find the parallel on the eartWs surface at which the dif- 
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ference between the geographical and the geocentric latitude is 
the greatest. 

Let ns take any meridian; assuming it to be an ellipse, and 
taking the origin at the centre, its equation will be 

h , 

y = ~ V a^ — J7*, for the upper branch. 

Let denote the geocentric latitude, and ip the geographi- 
cal latitude ; 



y 



bVa^ — x^ 



tan =z- z=. , 

X ax ' 

and, since v^ = ^ — 90, 

dx a y/ar — x^ 

tanv. = -cot^ = -^ = ^^^—. 

Since the tangent is an increasing function, we may use 
tan (v^ — ^) instead of ^p — 0, 

tan v^ — tan 
tan ( V' — 0} = , ; 

substituting, we have 

ay/d^ — x^ h y/ a^ — x^ 



tan («// — ^) = 



bx ax 



1 + 



a^ — x^ ' 



x^ 



tan (v^ — 0) := 



xyl V? — x^ hx "/a^ — - x^ 



ab a 



3 ? 



tan iip — 0) = ( — tAx y/a^ — x\ 

^ \ab or J 

Squaring and rejecting the constant, we put 

f{x) = aV — x^^ 
then 

f\x) = 2a^x - 4^'\ 

Whence 

a? = 0, or X = ±: — ,^ . 

The root x = —j-. corresponds to the maximum required. 

The function xy/c^ — x^ passes through zero, and changes 
sign at x = 0. 



CHAPTER VI. 

THE DEVELOPMENT OP FUNCTIONS IN SERIES. 

XXII. 

THE NATURE OF AN INFINITE SERIES. 

125. A function which can be expressed by means of a lim- 
ited number of integral terms, involving powers of the inde- 
pendent variable with positive integral exponents only, is 
called a rational integral function. 

When /(a?) is not a rational integral function, there usually 
exists an unlimited series of terms rational and integral in Xy 
which series is regarded as an algebraic equivalent for the 
function. The process of deriving this series is called the 
development of the function into an infinite series, 

126. A familiar mode of development is that of division, 
the function being a rational fraction. Thus, 

1 -fa? 



1-x 



= 1 + 2a? + 2a-2 + 2jP + &c., 



n series of terms arranged according to ascending powers of 
-a?. In this case, the law of the series is apparent; each coeflB- 
cient after the absolute term being 2. 

It is to be observed, in the first place, that, owing to the 
indefinite number of terms in the second member, this equa 
tion cannot be verified numerically for an assumed value of 
w. In order that this may be done, the remainder after any 
number (n + 1) of terms of the series must be written ; thus, 

t-±^ = 1 -^ 2a? + 20?^ . . . + 2x" + ^^ . 

1 — a? 1 — a? 

This equation may now be verified numerically for any as- 
sumed value of a?; or algebraically by multiplying each mem- 
ber by 1 — a?, thus obtaining an identity. 

127. The ordinary process of extracting the square root of 
a polynomial furnishes an example of a series which may be 
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extended so as to inclade as many terms as we please; but this 
process gives us no expression for the remainder. VS^hen this 
expression is not given, no complete verification of the equa 
tion between the function and the series is possible. Never- 
theless (the remainder being denoted by i?), the correctness 
of the coefficients up to a given point in the series may be 
shown by a process which does not lead to an identity, but 
which leaves an equation containing a limited number of 
terms, and involving the unknown remainder B, We as- 
sume then that E is such a function as will satisfy the equa- 
tion which remains after the coefficients are thus determined. 

128. If it is assumed that a function admits of development 
into a series involving ascending powers of a?, we may write 

/(jc) =.A-f ^^-f Cjt^ ... . -f JVoj'^-f -K, , (1) 

-4, ^, C, . . . N being coefficients independent of a?, and as 
yet unknown ; R^ the remainder, is however a function of so 
and also of n. 
Thus, we may assume 

= J. -f J5j? -f Cx-^ . . . + iV'x" + E. 

If we multiply by (1 — 0*) (which is the process w^e should 
employ to verify the series were the coefficients known), we 
have 



1=A + B 
-A 



X"^ — iVX^+ » -f E (1 — X)y 



0? -I- (7 1 X'2 . . . + JV 

which must reduce to an identity. 

The unknown coefficients of this equation of verification 
may now be so determined that, however great the value of 
n, all the terms except the last two shall vanish. Thus, as- 
suming the absolute term, and also the terms involving each 
power of X separately to vanish, we obtain 

^ = 1, ^ = J^ = 1, (7 = J5 = 1,. . . iV^ = l. 

These equations determine the law of the succession of the 
coefficients, and reduce tlie equation of verification to 

Whence we derive 

7»7H- I 

1— x' 

which determines the value of E. 
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129. The assumption that the absolute terms vanish is 
equivalent to assuming that the remainder vanishes with Xy 
since all the remaining terms of the equation of verification, 
except the one containing R^ necessarily vanish for a? = 0, 
Putting a? = in Equation (1), we have therefore 

/(0) = A, .... (2) 

that is, the absolute term of the development is tlie value the 
function assumes when a? = 0. 

130. If, in any case, the assumed development be impossi- 
ble, the fact will be made apparent by the occurrence of im- 
possible conditions requiring infinite values for some of the 
coefficients. Thus, if log x be the function of x in Equation 
(1), it is evident, by Equation (2), that A becomes infinite; 
the development of logo? in the assumed form is therefore 
impossible. 

CONVERGENT AND DIVERGENT SERIES. 

131. The substitution of a particular value for x in an alge- 
braic series gives a series of numerical terms. If, for this 
particular value of x^ the remainder decreases as n increases, 
it is plain that the more terms we take the nearer will their 
sum approach the value of the equivalent function, and that 
the values of the successive terms will in general decrease. 

If at the same time the value of the function be finite, the 
series is said to be convergent^ since the sum of n terms ap- 
proximates more and more closely to the value of the function 
as n increases. 

132. It must not however be assumed that, whenever the 
successive terms decrease for a particular value of a?, the se- 
ries is convergent; for it may happen that, for this value of x^ 
f{x) is infinite, in which case the remainder will also be infi- 
nite, whatever be the value of n. Thus the series 

l + J + i + i + i+ . . . &c. 
is not called a convergent series, although the successive 
terms diminish, because, as a matter of fact, the sum of n 
terms of this series increases without limit as n increases. 
This series is, in fact, obtained by giving x the value unity in 

the development of log — or — iog (1 — x), the function 

JL ~~ X 

being infinite for this value of x. [See Eq. (2), Art. 145.] 
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133. When the successive terms of a series increase while 
the value of the function remains finite, it is evident that the 
remainder must increase as n increases. In this case the 
series is said to be divergent 

Every algebraic series is evidently convergent for values 
of X below a certain limit, since the remainder vanishes with x. 

It is obvious that an algebraic series can be used for com- 
puting the value of the equivalent function only when the 
value of X is such as to render it convergent. 

TAYLOR'S THEOREM. 

134. The object of Taylor's Theorem is to develop a func- 
tion into a series involving ascending powers of some quan- 
tity upon which it depends. We shall denote the function 
t>y/(^o + /0> ^^ being the quantity whose powers appear in 
the deyelopment. 

Assume then 

f{Xo + h) =Ao + Boh + Co¥ + . . . + JVVi" + i?o, . (1) 

in which J.o, Bq, Co, . . . . JV^o depend upon Xo, but are inde- 
pendent of hj while Eq is dependent both upon Xq and upon /j, 
and is such a function of the latter as to vanish when h 
•equals zero. Hence, making ^ = 0, we have 

f{Xo) = Ao. 

Let iTi = iTo + h, then 

ll=Xi'- Xq, 

substituting, (1) takes the form 

f{Xi) =f{xo) + Bo {xi — Xo)+ Co (Xi—Xo)'^ +No {xi—XoY+Eo. 

We shall now regard Xq as variable, and denote its general 
value by a? 5 and, since Bo, , . . J^oi and Bo are functions of ^Tq, 
we replace them also by general values 5, . . . N, and i?, B 
being a function not only of x but also of Xi and of n. Thus 
we have 

J{xi) =f{x)+B{Xi--x)^C(x,--xf . . . +N(Xi+xr+B. . (2) 

This equation being assumed to be identical, its derivative 
taken with reference to x will also be identical. Whence 



dx dx 

^T X , V dN dE 

nN (Xi — xY - ^ + (xi — x)"" -— + —' . . • . . (3) 
^ ' ^ ^ dx dx 



> 

( 
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lu order tbat this equation may be satisfied independently 
of the value of a?, and however great the value of n, it is^ 
necessary that the coefficients of the different powers of 
{xi — x) shall separately vanish ; hence 

B=f(x), and C = il^, 
or, substituting for B its value /'(j?), 

c = ir(x). 

In like manner, 
Finally, 

Putting Xo for j?, and substituting in Equation (1) the values- 
of Aoy Boj Co, . . . -^"o, we obtain 

7i2 /in 

f(Xo + h) ^f{Xo) +f{Xo)h +r(xo) :— ; . . ./"(Xo) — ^ -+Ro^ 

The law of succession of terms expressed in this equation 
is called Taylor's Theorem, from the name of its disco verer,^ 
Dr. Brook Taylor, who first published it in 1715. 

EXPRESSIONS FOR THE REMAINDER. 

135. We shall now proceed to derive an expression for the 
remainder it:©, and at the same time to determine when the 
above series may be employed in computing the values of 
functions. 

To derive an equation for determining E, we substitute in 
Equation (3) the values of B, C, . . . N, already determined^ 
and obtain 

It is obvious from the values of ^, (7, . . . N, and from 
Eq. (2) that, if f{x) and all its derivatives up to the nth in^ 
elusive vary continuously as x varies from Xq to Xi, B will also 
vary continuously from Rq to (the latter being the value 
of B which corresponds to iz? = Xi). 

136. Now let P denote an assumed function of x^ which 
likewise varies continuously from Rq to as a? varies from Xq, 
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to Xi. Now, since E and P both vary continuously, starting 
together at the value Bq, and reaching the value zero together, 
it is impossible that one of them should vary throughout this 
interval with a more rapid rate than the other. Hence, there 
must be at least one intermediate value of x for ichlch the deriv- 
atives of B and P are equal. Let such an intermediate value 
be denoted by Xq + Oh^ o being a proper fraction. 
From (4) we obtain 

dx 1,2 ,,.n^ V M 1 y > 

putting Xq + Oh for x^ whence 

Xi^ X = Xi — Xq — dh=: h (I — 0), 

"we have 

dBl » _ /i" 

liCo + 6h 



M«^ JiCo + Oh X , J , , ,n 



LAGRANGE'S F0R3I OF THE REMAINDER. 

137. If we assume the function P in the form 

the conditions required in defining P (Art. 130) will be ful- 
filled. Taking: the derivative 



'«3 



dP ^ J?o (M + I ) (X, - xY 

dx h'^ + 1 ' 

and 

> 

Equating the values of the derivatives in Equations (5) and 
^6), we have 

Jtn + 1 

This form of the remainder is due to Lagrange. We may 
now write the series thus : 

f{Xo + h). = f(Xo)+f{Xo)h+f\Xo)-^, . . . 

* The symbol ]« placed after a derivative indicates the value of the de- 
rivative when the quantity denoted by the subscript is substituted for 
the variable x. 
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ANOTHER FORM OF THE REMAINDER. 

138. The function P will also fulfil the requisite couditions 
when assamed in the form * 

P-7? /l-^i) -/"(•'') . 

since /"(J?) is, by the hypothesis of Art. 135, continuous be- 
tween the limits x = Xo and x = Xi; and since the function is 
equal to Eo when x = jtq, and is zero when x = Xi. 
Taking the derivative 

dx 7"(«ri)-/"W 

and 

Equating this expression with the value of the derivative in 
Equation (5), and reducing, we obtain 

ijo = (1 - o'Y [r{x{\ -/"(xo)] -f— . 

Writing in place of (1 — ^0^ since the latter is a proper frac- 
tion, substituting this expression for jKj in the series, and 
arranging terms, we obtain 

/(Jo+/0=/(-^o)+/(ro)/i+/'(J^o), -., . . . 

■1 • aW 

+/"-(Xo)^-,^^^+[(l-^)/«(.o) + <?/-"(Xo+/0] , ^~. (8) 

139. The coefficient of ^— , in this form of the series 

has evidently a value bet ween /"(j?o) and/'*(j?i). 

It must be remembered that the comi)leted forms of Tay- 
lor's Theorem, expressed in Equations (7) and (8), are demon- 
strated only on the hypothesis of Art. 135. The expressions 

* The form 

in which ^ is continuous between ^ (jfi) and (jco)i includes all the forms 
in which P can be assumed. The resulting value of Bq is 

which is accordingly the most general form of Bq that can be derived by 
this method. See The Mathematical. Messenger for April, 1873, in whicL 
this method of treating Taylor^s Theorum was first published. 
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for the remainder are indefinite, inasmacli as they contain 

the unknown quantity 6', but, since is less than unity, they 

are frequently useful in determining the limit to the error 

committed when we stop at a given term of a converging^ 

series. 

Examples xxii. 

1. To expand log (j^o + ^) by Taylor's Theorem. 
In this case 

f{Xo + li) = log [Xq + h) 

f{x) = log X .-. f{Xo) = log Xo 
f(x) = \ ... /(^o) = l^ 

f"(x) = 4, .-. f"\Xo) = ^ 



• • • . 



^. V , ^. 1.2...(n — 1) ^, , , ^, 1.2. ..(«—!) 

The second form of the remainder being, in this case, some- 
what more convenient than the first, we substitute in Equa- 
tion (8), and thus obtain 

h h^ Ji^ h^ 
log {Xo +h) = logxo + --- ,y-, + 07-3 - 47-4 

i£q *^Jio OJLq ^Xq 

2. Expand a*o + h . 

In this case, 

f(Xo + h) =a^o-^h 

f(x) = a« ... /(ro) = a*o 

/(a?) = log a . a* ... /'(J7o) = log a . a*o 
f'\x) = (log a)2 . a* ... /"(ico) = (log af . a*«r 



/'•(x) = (log ay . aaj ... /"(^o) = (log a)" . a* 
Substituting in Equation (7), we have 

a*o + '^ = a^ + log a . a^o /t + (log of . a'*^ - — - + 

(log aY . a^ ]^* (log aY + ^ a««+ ^'^ 7i*> + ^ 
1.2.. .n "^ 1.2...()i + l) • 
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3. Expand (a + &)"• into a aeries of terms involving ascend- 
ing powers of b. 

In this example, b takes the place of h and a that of Xq } 
hence expand (a?o + A)" by Taylor's Theorem thus: 

f(x)=iar' ,\ f(xo)=Xo'* =«"• 

/''(ii7)=m(w— l)af-' .•./''(iro)=wi(w— l)a?o"*~*=w(m— l)a"*-* 
Whence 

X • ^ 

, m(wi — l)(wi — 2)... (m — n-f 1) ^ ^. , ^ 

The expression for the remainder, obtained by the formula of 
Art. 137, is 

w (w — 1) (w — 2) . . . (w — w) , . ^, , , , , 

1 . !2 . o (n + 1) 

When m is a positive integer, the remainder becomes zero 
for n=zm, it is therefore obvious that, in this case, the series 
contains a finite number of terms. 

The above development of (a + &)"* is called the Binomial 
Theorem. 

4. Expand sin-^ (Xo + h) to the fourth term inclusive. 
sm-*(a?o + h) = sin-*iro H h 



M^2xo^ h^ 
+ (l-^,.;fl.2.3 + ^'- 

W^hen, as in this example, the general expressions for /"(o^o) 
and for the remainder cannot easily be obtained, it is never- 
theless possible to employ a few terms of the series when it 
is sufficiently convergent. 

5. Prove that 

+ 1.2.3.4.5 - ^"V 

6. Prove that 

tan (i:r + /O = 1 + 2h + 2W + f ^^ + j^/^4 + ^p. 
50 
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XXIII. 

maolauein's theorem. 

140. We shall now give a particular form of Taylor's Serii^s, 
which is asaally more convenient when numerical results are 
to be obtained than the general forms given in XXII. 

This form of the series, although first discovered by Ster- 
ling, has received the name of Maclaurin's Series. It was 
published by Maclaurin in 17425 but it does not appear that 
he ever intended ^to claim it as his own discovery. 

The form in question, and corresponding expressions for 
the remainder, are obtained by putting Xq = 0, and replacing 
^ by a? in Equation (7) or (8); thus: 

/(^)=/(0)+/{0)ar+/'(0) "^ 



.... 



1.2 
/*»» /r/n + 1 

and 

f(x) =r/(0) +f(0)X +r(0) J^ . . . 

^^ . ^"^1.2...(ri-l)^ \r(x)i 1.2...W-' }^^ 

The notation | '\,„, {\ denotes a coeflBcient of the fraction 
intermediate in value between /'*(0) and/"(^) [see Art. 139], 

141. This form of development is in reality no less general 
than that of Taylor; for any function which is included in 
the general form/(a?o + h) may also, by giving a different sig- 
nification to the symbol /, be expressed in the form /(^), 
or, employing the notation of the last article, /(a?). Thus, if 
log (1 + h) be developed by Taylors Theorem f{x) = log a?, 
the value of a?o being unity; but, if log (1 + x) is to be devel- 
oped by Maclaurin's Theorem, we put f{x) = log (1 + x). 
(Compare Ex. 1, xxii, with Art. 144.) 

THE NAPIERIAN BASE. 

142. As an example of the application of the above theo- 
rem, we shall deduce the exponential series or development 
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of the faDction e^, and shall thence obtain a series for com- 
puting the value of e. 

The successive derivatives of e* being equal to the original 
function, the coefficients, /(0),/'(0), &c., each reduce to unity; 
we therefore derive, by substituting in Equation (1), 

— L+^+^^-t-^ 2.3^"-1.2 n+' -1.2.. ..(»+!)• 

Putting X equal to unity, we obtain the following series, 
which enables us to compute the value of the incommensura- 
ble quantity e to any required degree of accuracy : 



1.2 ' 1.2.3 ' 1.2.3.4 



1.2.3..n^l.2.3..(n+ 1)' 

The computation may be arranged thus: 

2.5 
.16666666667 
4166666667 
833333333 

138888889 

19841270 

2480159 

275573 

27557 

2505 

209 

16 

1 



2.71828182846 

Since e^ is less than e, the remainder {n being 14) is less than 
y3^ of the last term employed in the computation, and there- 
fore cannot affect the result. Inasmuch as the last figure of 
each term may contain a positive or negative error of one- 
half, we cannot, in general, rely upon the accuracy of the 
last two places of decimals in computations involving so 
large a number of terms. Accordingly, this computation only 
justifies us in writing 

£ = 2.718281828. 

It happens, however, that in the above computation the re- 
sult is correct to the last place of decimals. 
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SYMBOLIC FORM OF TAYLOR'S THEOREM. 

d d? 

148. By emplox ing the notation - , —^ , &c., for the deriv- 
atives, we may write Taylor's Theorem in the form 

Tha form 

iu which f(x) is removed from within the braces as though it 
were a factor, may also be employed, inasmuch as this form 
of writing the second member admits of no ambiguity of 
meaning. It will be noticed that the terms within the braces 
proceed according to the law of the exponential series (Art. 
142); we may therefore write 

^a? + /^) = e^^O?), 

which is to be understood as implying that e '^ is to be devel- 
oped in accordance with the form of the exponential series, 
and /(a?) introduced after each term. 

LOGARITHMIC SERIES. 

144. The logarithmic series is deduced by applying Mac- 
lauriii's Theorem to the function log (1 -f x). 
In this case 

/(2J) = log (1 + a?) .-. /{0)=0 

•^'(^) = - (TT^^ ••' /'W = -l 
•^''("^^ = (IT^3 .•• /''(0) = 1.2 

P\^)^-^)A^^ ••• /^(0) = -1.2.3 



(1 + xf 



01? x^ x^ 



log (1 + ^) = a: - -^ + 3 - J + &c. . (1) 

Since this series is divergent for values of x greater than 
unity, we proceed to deduc*^ a formula for the difference of 
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two logarithms, which may be employed in computing sac- 
cessive logarithms. 

145. Denoting the numbers corresponding to two loga- 
rithms by n and n + hjwe derive a sevies for 

log (» + A) — log n, or log . 

A series which could be employed for this purpose might be 

n -^ h h 

obtained from (1) by putting in the form 1 + - . We 

^ n n 

obtain, however, a much more convergent series by the proc- 
ess given below. 
Substituting — a? for a? in (1), we have 

log(l-a?) = -a?-|-^-|'-&c. . (2) 
Subtracting (2) from (1), 

a series involving only the positive terms of series (1). 

Putting = , we derive x = - — —r ; substituting 

in (3), we have 

THE COMPUTATION OF THE MODULUS OF THE TABULAR 

LOGARITHMS. 

146. The above series enables us to compute Napierian 
logarithms. To obtain the common or tabular logarithms, 
of which 10 is the base, we make use of the relation 

logc X = log. 10 logio Xj 
whence 

The quantity = -7, is called the modulus of common loga- 

logj 10 

rithms, and is denoted by M. 

The approximate numerical value of log. 10 could be com- 
puted by putting n = l and 7i = 9 in (4); but, since the series 
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thus obtained would converge very slowly, it is more con- 
venient first to compute log 2 by means of the series obtained 
by putting n = 1 and A = 1 in (4) ; thus : 

loge2 = 2[| + J.|+ i.^,+ 5.|, + &c.]. 

We then put w = 8 and /^ = 2 in (4); whence, putting the fac- 
tor J outside the brackets, we have 

log, 10 = 3 log, 2 + g.[^- + 3 . 35 + 5 . 39 + ^ . 3r3 + &c. J . 
The numerical work may be arranged thus: 



4 


0.3333333333 : 


1 


0.3333333333 


(h? 


370370370 : 


3 


123456790 


(ir 


41152263 : 


5 


8230453 


(4r 


4572474 : 


7 


653211 


a? 


508053 : 


9 


56450 


(4)" 


5G450 : 


11 


5132 


ihr 


6272 : 


13 


482 


(hy 


697 : 


15 


46 


(*)" 


77 : 


17 


5 




0.3465735902 




log. 


2 = 


2 




= 0.6931471804 


i 


0.3333333333 : 


1 


0.3333333333 


a? 


41152263 : 


3 


13717421 


(if 


508053 : 


5 


101611 


ay' 


6272 : 


7 


896 


(i)" 


77 : 


9 


9 




0.3347153270 








0.1115717757 




0.2231435513 




3l0ge 


2 = 


2.0794415412 



Jf= 



log. 10 



log, 10 = 2.30258509 
0.43429448 
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THE DEVELOPMENT OF DIPLIOIT FUNCTIONS. 

147. When Maclaariu's Theorem is used to develop im- 
plicit fanctious, it is couveiiient to employ the following 
method of writing the series: 

Let y denote the function, and j^o its valae when x is zero; 

then ~ , ^^ , &c., will denote the corresponding values 
of the derivatives, hence the equation may be written thus: 

y = y» + S> + S].iT2 + *»- 

The process of evaluating the derivatives in the case of 
implicit functions is exemplified below. A few terms only of 
the development are. usually found in this way, as the proc- 
ess is necessarily tedious. 

Let y^ — ^xy — 8 = .•. y© = 2 (the only real value of yo) 

In a similar manner, we obtain 



Whence 



Sl=-*- -" Sl='- 



''=^+'-*T:^+r:A7i+^ 



Examples xxiii. 

1. Expand sin x in powers of x. 

Employing the expression for the nth derivative [see Ex. 
9, XIV], 

/"(j?) = sin (a? + ^rnt) .•. /"(O) = sin {^mz). 

sm 07 = 0? — r r— 7i + 



1.2.3 '1.2. ..5 
+ niT-i^ '^° (*"'') + 1.2...(n+l) "M4 (« + 1) - + ''^1. 
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2. Expand cos x in powers of x. 

cos 07 = 1 •— :i — s + 



1.2 ' 1.2.3.4 

dT** jji* + 1 

+ 172— S "'^^ (*"'') + 1.2...(n + l) "*»« [i (" + 1) '^ + "^J- 

3. Expand (1 + a?)™. 

(l + xr=:l + mx+ ^^^ ^ x" + ^ ^^^'^^^ -' aj3 + &c. 

It is evident that no coefficient will vanish if m is negative or 
fractional. This is the form in which the binomial theorem 
is employed in compatation, x being less than unity. 

4. Expand xe'y making use of the nth derivative [see Ex. 14, 
xiv], to find each term. Verify by multiplying the expanded 
value of e* by x» 

5. Write the expansion of a^e'^ and verify by means of the 
expression for the nth derivative [see Ex. 15, xiv]. 

6. From the expanded value of e', deduce the expansion of 
xe^y and verify by means of the 7ith derivative [see Ex. 16, 

XIV]. 

7. Derive the expansion of log (1 ■— of) from the logarith- 
mic series, and verify by adding the expansions of log (1 + x) 
and log(l —a?). 

8. Expand log (1 — o? + od^). 

If we put 1 — a? + a?^ in the form ^ , the logarithmic 

1. "J" X 

series may be employed : 

oc^ 2x^ X* x^ a^ ^ 
log(l-a; + ar^)=-^+^ + — + J-^- --&C. 

9. Expand e' cos x. 

2,^ 2V 2V 

s' cos X = l + X — 



1.2.3 1.2. ..4 1.2. ..5 

23^?"^ 2V 

1.J...7 ± , 2 , , , o 



10. Expand (1 + e')\ 

■ «'(» + 3) a? ) 

+ 2^- • 17273 +*'*'•) • 
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11. Expand sin' 2;. 

sin' x=zoi? -^ — + ^75—^ — . . &c. 

12. Derive the expansion of (1 + x)t* from that of e*. 

13. Expand log (1 + sin x) to the term involving o?^ inclu- 
sive. 

log (1 + sin jp) = a? — - + ^ — j^ + . . &c. 

14. Expand tan x to the term involving oi? inclusive. 

x^ 2j(^ 
tan a? = a7+^ + Y^+ . . &c. 

15. Expand sec a? to the term involving 3fi inclusive. 

x" 5x* Gljj« 

«^"^=\+ir2 + ny:3:i+iT2:7:T6+ • • ^"- 

16. Expand log sec 2; to the term involving jfi inclusive. 

jrj* j<^ uf* 

logseca?=- + j^ + jg+ • • &c. 

17. Expand e* sec or. 

e* sec a? = l + ic + iF'H — w- + • • &c. 



3 . - - — 



18. Find the expansion of e* log (1 + x) to the term involv- 
ing a? by multiplying together a sufficient number of the 
terms of the series for e* anil for log (I + a?). 

e» log (1 + a?) ^ a? + - + 3 + ^ + . . &c. 

19. Expand log (1 + e'). 

log(l + £')=log2 + ^ + J-j~+ . . &c. 

20. Compute log* 3, and find logic 3 by multiplying by the 
value of M [Art. 146J. 

logc 3 = 1.0986123. 
logio 3 = 0.4771213. 

21. Find log, 269. 

Put w = 270 = 10 X 33, and A = - 1. 

loge 269 = 5.5947114. 

22. Given s^ + xy =: e, to find the expansion of y in powers 
of X, 

X 1 x^ 1 aP , „ 
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23. Given j/* — a?y = 1, to find the expansion of y in powers 

of 07. 

1 a?» 3 jr*_ 

4 

24. Given y =s 1 + a?£*', to find the expansion of y in powers 
of a?. 



11.1 I ^ ^ '-' •*' I V 



y = 1 +-'» + 3s' . j-Tj + 9s» . j-g-g + . . &c. 
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XXIV. 
ETEN FUNCTIONS AND ODD FUNCTIONS. 

148. Many simple functions, like cos Xj log (1 + a^)j and 
a + a^ + ftar*, have this property, viz : 

Every rational integral function involving powers of x with 
even exponents only has, evidently, this property; and it is 
also evident that the series corresponding to any function 
having this property can consist only of such terms. These 
functions are, therefore, called even functions. 

Certain other functions, like sin x, tan a?, and clx -f bx^j have 
this property, viz: 

It is evident that the series corresponding to a function 
having this property will contain the odd powers of x only. 
Such functions are called odd functions. 
Since, in the case of an odd function, 

f{0) = -/[O), 
we must have 

/(O) = 0. 

Since developments usually contain both odd and even pow- 
ers, the number of functions included in these two classes is 
not great. 

149. WJienf{x) denotes an even function ofXj the curve 

will be symmetrical with respect to the axis ofy^ for let 

6=/(a)=yt-«)5 

then the point (a, b) is on the curve, and the point (—a, J), 
symmetrical with it, is also on the curve. 

If however f(x) denote an odd- function of x^ the curve will be 
symmetrical with respect to the origin as a centre; for, in this 
case, the point (a, b) being on the curve, the point (— a, — ft), 
symmetrical to it with respect to the origin, is also on the 
curve. 



76 DEVELOPMENT OF FUNCTIONS IN SERIES. 

The derivative of an even function is an odd function; for, if 
we take the derivative of 

f{x)=.f{-x), 
we obtain 

fix) = -/(- X). 

In like manner, it may be proved that the derivative of an odd 
function is an even function. 

DE MOrVBE'S THEOREM. 

150. Functions of imaginary quantities are, in general, 
imaginary quantities capable of expression in the form 
a + ftV— 1, The transformation of a function to this form 
may often be effected by developing it into a series, and sepa- 
rating the real and imaginary parts. 

We shall use the notation t for \/— 1; whence 

i = V::^:, t^ = -1, i? = - V^Ti, i4 ^ 1^ &c. 

Thus, to transform the imaginary function e**, we put ix for 
X in the exponential series, and obtain 

^ 1.2 1.2.3^1.2.3.4^ ' 



or 



^^=[^-i-2+r:^-H 



+ *^- 17273 + 1727371:5 -*«•] 



The series in brackets are the developments of cos x and sin x 
respectively [see Ex. 2 and Ex. 1, xxiii]; we have therefore, 
by substitution, 

£*« = COS x + i sin a?. . , . (1) 

Putting mx for a?, we have also, 

gima; _- cos mx + x sin mx] . . . (2) 
and, since 

we have 

(cos a? + 1 sin x)^ = cos mx-^-i sin mx, . (3) 

This result is known as De Moivre's Theorem. 
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151. If we expand the first member by the binomial theo- 
rem, the real part will be an expansion of cos wx in terms of 
sin X and cos x^ and the coefficient of the imaginary part will 
be an expansion of sin mx also in terms of sin x and cos x, 
Tbas, patting m = 3 in Equation (3), we obtain 

cos 3x+i sin 3x=cos^a7+3 cos^o?.! sin a?— 3 cosa? . sin^x—i sin^o?. 

Whence 

cos 3x = cos^ 0? — 3 cos x sin* a?, 
and 

sin 307 = 3 cos' a? sin ^ — sin^ x, 

152. Exponential expressions for sino? and coso? maybe 
derived from (1); thus, putting —x for a?, we have, since 

cos (—a?) = C0SiI?, 

e-*» = cosa? — isina?, . . • (4) 

Eliminating sin x by adding Equations (1) and (4), 

cos a? = J (e** + e-**), 
Eliminating cosa?, 

153. The following expressions are easily deduced from the 
above formulas: 

cos ia? = J (e« + e— *), 

sin ix =z ii (e* — e— «). 

The value of cos ix is real and is called the hyperbolic cosine 
of a?; the real factor of sin ix is called the hyperbolic sine of a?. 
These real functions are generally denoted by cosh a; and 

sinh x: also, the ratio — -, — by tanh x. Thus, we have 
' ' cosh a? 

cosh a? = i (e* + €— «) 
sinh a? = J (e* — c— *) 

tanh X = . 

The reciprocals of these quantities are denoted by sech a?, 
cosech a?, and coth a?, respectively. 

Formulas involving these functions, and bearing a remark- 
able analogy to the trigonometric formulas, may readily be 
deduced. [See Ex. 7, 8, 9, xxiv.] 
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EMPLOYMENT OF THE DERIVATIVES OF AN ASSUMED 

SERIES* 

154. The application of Maclaurin's Theorem to certain 
functions is very difficult in consequence of the complication 
of the process of determining the successive derivatives. In 
such cases, we may frequently employ with advantage an 
extension of the method of assuming a series with undeter- 
mined coefficients, exemplified in Art. 128. This extension 
depends upon the employment of the derivatives of the as- 
sumed series, as given below. Let y denote the given func- 
tion of rr, and assume 

y =. Aq+ AiX + A^ + A^ .... 

+ Ana?« + An + ia;" + i + ^n + aa?« + 2+ &c.: (1) 

whence we obtain, for the first derivative, the series 

/ = ^1 + 2^207 + 3J.3^ + 4A4iC3 .... 
QX 

+nAnO^-^+i,n+l) An + i3i^+{n+2) An + gar^ + i+&c. ; (2) 
and for the second, 

^y 

+ii(n+l)An + i;z?^-i+(n-fl)(w+2)An + aaj«+&c. (3) 

In the example of Art. 128, we have, denoting the function 

by y, the relation 

y{l^x)^l. 

The process there employed is equivalent to substituting 
for y in this equation the series assumed in (1), The result 
is an identity which serves to determine the values of the 
assumed coefficients. 

155. When the primitive equation, involving x and y, is 
not of the proper form, an equation involving one or more 
derivatives maybe used. Thus, to expand tan—^o? into a 

series, we put 

2/ = tan— lo?; 



^ =2^+2 . 3 . Azx-^^ . 4 . A^x" +(w— 1) nAnX^-^ 



whence 



or 



dy ^ 1 
dx 1 + ^' 
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dv 
Substituting the value of -^ from (2), we obtain 



1=1 Ai + 2A^ + 3^3 

+ ^1 



ir»+i + &c. 



a^ + 4tA^ a? . . . 

+nAna?»-i+(n+l) ^„+ ia?«+(n+2) An+^ 

+ nAn 

Putting the coeflScient of a?» + i equal to zero, we have the fol- 
lowing general relation between the assumed coefficients : 

(w + 2) u4„+2 + nAn = 0, 
or 

'^"^''^"n + 2'**'' 

After determining ^o a^nd Ai, the remaining coefficients may 
be determined by means of this general relation between 
An +2 and An' Ao is of course the value of y when a? = 0, 

and Ai is, by Equation (2), the value of -=^ . 

Hence, 

Ao = 0, and Ai = 1. 

Determining the succeeding coefficients by the above equa- 
tion, we have 

tan~*iP = 0? — ^a?+ \3fi '—\x^ + &c. 

156. In certain other examples, although this method is 
applicable neither to the primitive equation between x and 
y, nor to any of its derivatives, yet, by combining them, a 
differential equation may be formed to which the method can 
be applied. If the differential equation thus obtained is ra- 
tional and integral, and involves neither powers nor products 

of y, ^^ -T^, &c., the labor of squaring a series, or of finding 

the product of two series, is avoided, and a general relation 
between the coefficients is readily deduced. 

As an illustration, we deduce the development of sin niz in 
powers of sin z. 

Let 

sin 2! = 07, .'. ^^sasin-^a?; 
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then it is proposed to develop 

y = sin [mz] = sin [m sin ~ * x\ 
in powers of x. In this case, 

dy m cos [in si n " * a?] 

and 

X 

— m^ sin fm sin ~ ^ a?| + m cos [m sin " ^ x'\ , 
^_ "^ ^ "^ Wl-jy^ 

d^ ^ T^ if* 

Whence, 

or 

Referring to (1), (2), and (3), we find that the coefficient of 
Xn in the equation derived by substitution would be 

m^An + {n-^2)(n+ 1) /!„ +2 — w^n — w(n — 1) in- 
putting this expression equal to zero, we have 

**+- (n+i)(n + 2) 

Determining ^0 and ^1, as in the last example, we obtain 

^0 = 0, and Ai = m] 

hence, all the coefficients with even subscripts vanish, and, 
making n equal to 1, 3, 5, &c., we obtain the coefficients of 
the series: 

1 — m* ^ (i_'m*)(9--m*) „ 

^^ = ^'17273--^'- = ^' 1.2.3.4.5 '^"' 

Substituting these in the assumed series, and putting for x 
its value sin z, we have 

sin mz=msmz\ 1— :r — -—-sin' 2?+ ^ . ^^ .' . — ^'sin*^;— &c. . 

L 1.2.3 1.2.3.4.0 J 

This series will consist of a finite number of terms when m 
is an odd integer. 
In a similar manner, it maj' be proved that 

m*8in*2; . wi*(»i*-— 4) . . 
cos mz = 1 + - — sm* z — &c. 

1..J l.J.c)«4 
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If m be an even integer, this series will consist of a finite 
number of terms. 

These two expansions were discovered by Ealer, who first 
published them in 1756. 

Examples xxiy. 

1. Prove that each of the following expressions is an odd 

1 4- ^ e* 4- 1 

function of x: log , log tan (Jr + a?), and -^ — :r . 

2. Prove that the product of two odd functions is an even 
function, but an odd function of an odd function is an odd 
function. 

3. Find expressions for sin 5x and cos 5x by the method of 
Art. 151. 

sin 5j7 = 5 cos^ xsinx^ 10 cos' x sin^ x + sin' x. 

4. Find expressions for sin mx and cos mx by the method 
of Art. 151. 

m (m— 1) ^ , • . . ciL 

cos «M?=co8**a? \ — ^ cos*" ■ X sm" x+&g, 

1 . ^ 

- . w(m— l)(m— 2) . , . -, 

sm mx=ni cos"* "^a? si no? ^—z: — j— -^ ^C08**~ a?8in^a?+&c. 

5. Prove, by Equation 1 of Art. 150, that e»i = f, and that 
e^' = — 1; show also that these results are consistent. 

6. Prove that (-- 1)-' is equal to the real quantity e'; also, 
that V? = <fi. 

7. Prove the relations: 

cosh* X — sinh* x = l, and sech* a? = 1 — tanh* x. 

8. Prove the relations: 

sinh 2^ = 2 siuh x cosh ^, and cosh 2x = cosh* a; + sinh' x. 

9. Prove the formulas: 

sinh (a? rt y) = sinh d? cosh y ± cosh a? sinh y, 
and 

cosh (a? it y) = cosh x cosh y ± sinh x sinh y. 



£« 



10. Expand ~ by division, making use of the exponen- 

1 + a? 

tial series. 

s^ , a? a? 3a?* lla^ 

iT^ = ^ + 2--3+^--3(r + ^"- 

6c 
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11. Expand sin ~ ^ x. 

sin~ X is an odd function of a?, and its derivative, which is 
necessarily an even function, may be expanded by the bino- 
mial theorem in terms of x^. Hence assume 

sin-^ a? = Aix + A^ + A^^t^ + A^x'' + &c. . (1) 

Whence 

1 



Vi-o?" 



= ^1 + SAga?* + ^A^ + lA^ofi + &c. (2) 






But, by the binomial theorem, 

(l-a!*)-» = l + J.a? + |^a!* + |^a* + &c. (3) 

Comparing the coefficients in (2) and (3), we determine Ai, 
^3, -4.5, &c. Hence, substituting in (1), we have 

sin - ^ a? = 0? + J . Jic^ + J . f . ^^ + J . f . I . ij?' + &c. 

12. Deduce the expansion of log (1 + a?) by the method em- 
ployed in deducing the expansion of tan-^ a? in Art. 155. 

13. Deduce the expansion of e* by the method of Art. 156, 
deriving the differential equation by combining the primitive i 
equation and its first derivative. 

14. Derive by differentiation three terms of the expansion 
of tana? from that of log sec a? [Ex. 16, xxiii], and from the 
result derive the expansion of sec* x, 

cPu 

15. Show that the differential equation -^ -f y -= can be 

dX^ 

deduced from any function of the form y = asiiix + b cos x, 
and from this differential equation deduce the series for sin x 
and that for cos x. 

16. Expand log [j?-|- \/(«^ + ^)] by the method employed 
in Ex. 11. 

17. By means of the expansion of coswi^: (Art. 156) prove 

that 

cos z = 1 — i sin* ^ — A sin* z — ^^ sin^ z — &c. 

18. By means of Eulers expansions derive the values of 
cos 42? and sin 5z, 

19. From the same formula, obtain the expansion for cos ^z. 
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20. Expand t^ to the term containiDg ofi inclasive. 

Denoting the function by y, we easily dednce ~ = 3/. e«; 

therefore the prodact of the assumed series and the exponen- 
tial series must be equivalent to the derivative of the former. 

e«^ = e [1 + a? + a?» + |ip3 + &c.] 

21. Expand eW8in_,« x^y the method of Art. 156. 

22. Expand y in powers of x when y satisfies the diflPeren- 
tial equation 

and 

yo = a. 
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